Determining Pro jections and Functionals for
Weak Solutions of the Navier-Stok es Equations

M. J. Holst and E. S. Titi

Abstra ct. In this paper we prove that an operator which projects weak so-
lutions of the two- or three-dimensional Navier-Stok es equations onto a nite-

dimensional spaceis determining if it annihilates the di erence of two \nearb y"
weak solutions asymptotically , and if it satis es a single appoximation inequal-
ity. We then apply this result to show that the long-time behavior of weak
solutions to the Navier-Stok esequations, in both two- and three-dimensions, is
determined by the long-time behavior of a nite set of bounded linear function-

als. These functionals are constructed by local surface averages of solutions
over certain simplex volume elemerts, and are therefore well-de ned for weak
solutions. Moreover, these functionals de ne a projection operator which satis-
es the necessaryapproximation inequality for our theory. We use the general
theory to establish lower bounds on the simplex diameters in both two- and
three-dimensions. Furthermore, in the three dimensional casewe make a con-
nection between their diameters and the Kolmogoro dissipation small scale
in turbulent ows.

1. Intro duction

Considera viscousincompressible uid in RY, where is an openbounded
domain with Lipschitz continuous boundary, and whered = 2 or d = 3. Giventhe
kinematic viscosity > 0, and the vector volume force function f (x;t) for eat
x2 andt 2 (0;1), the governing Navier-Stokesequations for the uid velocity
vector u = u(x;t) and the scalarpressure eld p= p(x; t) are:

(1.1) % u+ (u rju+trp="Ff in ©;1);

(1.2) r u=0 in ©;1):

Also provided are initial conditions u(0) = ug, as well as appropriate boundary
conditonson @  (0;1 ).

The notion of determining modes for the Navier-Stokes equations was rst
introducedin [FP67 ] asan attempt to identify and estimate the number of degrees
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of freedomin turbulent o ws (cf. [CFMT85 ] for a thorough discussionof the role
of determining setsin turbulence theory). This concept later led to the notion of
Inertial Manifolds [FST88 ]. An estimate of the number of determining modeswas
given in [FMTT83 ] and later improved in [JTi93 ]. The notion of determining
nodes and other more general determining concepts, were introduced in [FT83 ].
In [FT84 ] the notion of determining nodeswasdiscussedn detail, and estimatesfor
their number werereported in [JTi92b ], and later improvedin [JTi93 ]. In [FTi91 ]
(see also [JTi92a ]) the concept of determining volume elementswas presened,
and a connection was establishedbetweenthis conceptand Inertial Manifolds. A
generalizedand uni ed theory of all of the abovewasrecertly preseredin [CJTi95,
CJTi97 ].

Bounds on the number of determining modes, nodes, and volumesare usually
phrasedin terms of a generalizedGrashof number, which is de ned for the two-
dimensional Navier-Stokesequations as:

where 1 is the smallesteigenvalue of the Stokesopeyator and = P " isthe related
(best) Poincare constart. Here, F = limsup,; ( jf (x;t)j?)¥2if f 2 L2() for
almosteveryt,or F = limsup,; ~ 1kfky 1) iff 2H () for almosteveryt.

The best known estimate for the determining set size for the two-dimensional
Navier-Stokes equations with periodic boundary conditions and H 2-regular solu-
tions is of order Gr [JTi93 ]. In obtaining their estimate, the authors relied on
the fact that the domain had no physical boundariesto shedvorticit y, which made
available somecorveniert properties of H ?-regular solutions. Howevwer, in the two-
dimensional casewith no-slip boundary conditions, to our knowledge the best es-
timate on the cardinal of any determining set (modes, nodes, or volumes)that can
be obtained is of order Gr?, even for H2-regular solutions.

Due to the Sobolev Imbedding TheoremH? ! CP° (which holds in dimensions
1, 2, and 3), or rather dueto the failure of the imbeddingH?* ! C° in dimensions2
and 3, determining node analysisis necessarilyrestricted to H ?-regular solutions to
make senseof point-wise values. However, when talking about determining modes
or volume elemerts, it is sucient for functions to be H!-regular, so that these
concepts also make sensefor weaker solutions. To construct a general analysis
framework for the caseof weak H! solutions, we can begin by de ning notions
of determining projections and determining functionals for weak solutions. (The
standard spacesH , V, and V° are reviewed fully in x2.)

Definition 1.1 Letf (t);g(t) 2 V° be any two forcing functions satisfying
(1.3) tIlilm kf (t) g(t)kyo= 0;
and let u;v 2 V be correspnding weak solutions to (1.1){(1.2). The projection

operator Ry : V 7! Wy L2() , N = dim(W) < 1, is called a determining
projection for weak solutions of the d-dimensional Navier-Stokeseguations if

(1.4) tI!ilm KRN (u(t)  v(t))kiz(y =0
implies that
(1.5) tI!ilm ku(t) v(t)ky = 0:
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Givenabasisf ;g\, for the nite-dimensional spaceVy , and a setof bounded
linear functionals fl;gl\; from V° we can construct a projection operator as:

X
(1.6) Ryu= li(u) i:
i=1

The assumption (1.4) is then implied by:
.7) tIlilm jliut) v(t)j=0; i=1::;N

sothat we can ask equivalently whether the setfl;gl; forms a set of determining
functionals (see[CJTi95, CJTi97 ]). The analysis of whether Ry or fligll, are
determining can be reducedto an analysis of the approximation properties of Ry .
Note that in this construction, the basisf ;gll; neednot spana subspaceof the
solution spaceV, sothat the functions ; neednot be divergence-fredor example.
Note that De nition 1.1 encompasse®ad of the notions of determining modes,
nodes, and volumes by making particular choicesfor the setsof functions f g\,
andfligl, (see[JTi92a , JTi92b ]).

In this paper, we will employ De nition 1.1to extend the results of [CJTi95,
CJTi97 ] to the more generalsetting of H *-regular solutions. In particular, we will
shaw that if a projection operator Ry : V 7! Vy  L?(), N = dim(W) < 1,
satis es an approximation inequality for > 0 of the form,

(18) ku Ry UkLZ() CiN  kuky 1) s

then the operator Ry is a determining projection in the senseof De nition 1.1,
provided N is large enough. We will also derive explicit bounds on the dimension
N which guaranteesthat Ry is determining. While we gain generality in our
approach here, we also lose something in the balance: the bounds obtained here
are generally of order Gr?, whereasthe bounds in [CJTi95, CJTi97 ] (requiring
H 2-regularity) are of order Gr.

Outline of the paper. Preliminary material is presened in x2, including some
inequalities for bounding the nonlinear term appearing in weak formulations of the
Navier-Stokesequations. In x3, a nite elemer interpolant dueto Scott and Zhang
is preserted, which (unlik e nodal interpolation) is well-de ned for H -functions. It
is shown that the interpolant satis es the approximation assumption (1.8) for H -
functions on arbitrary polyhedral domainsin both two and three dimensions;most
of the details are relegatedto the Appendix. In x4, we considerthe two-dimensional
Navier-Stokes equations, and derive bounds on the dimension N of the spaceVy,
employing only the approximation assumption (1.8). As an application of this gen-
eral result, we employ somestandard assumptionsabout simplex triangulations of
the domain (discussedin x3) and derive lower bounds on the simplex diameters,
sucient to ensurethat the SZ-interpolant is a determining projection (equiva-
lently, that the simplex surfaceintegrals forming SZ-interpolant coe cien ts are a
determining set of linear functionals). We extend theseresults to three dimensions
in X5, by requiring (following [CDTi95 ]) that weak solutions satisfy an additional
technical assumption (due to the lack of appropriate global a priori estimates),
which is related to the natural notion of mean dissipation rate of energy
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2. Preliminary  Material

We briey review somebadkground material following the notation of [CF88,
Lio69 , Tem77, Tem83]. Let RY denotean openboundedset. The imbedding
results we will needare known to hold for exampleif the domain  has a locally
Lipschitz boundary, denotedas 2 C%! (cf. [Ada78 ]). For example,openbounded
cornvex sets RY satisfy 2 C%! (Corollary 1.2.2.3in [Gri85 ]), sothat cornvex
polyhedral domains (which we consider here) are in C%*.

Let HX() denote the usual Sobolev spacesW ¥?(). Employing multi-index
notation, the distributional partial derivative of order j j is denoted D , so that
the (integer-order) norms and semi-normsin HX() may be denoted

X( S - X .
kukfy = Juifig s Juidig = KD ukeeg s 0k
j=0 IR
wherej j represers the measureof . Fractional order Sobolev spacesand norms
may be de ned for example through Fourier transform and extensiontheorems, or
through interpolation. A fundamertally important subspaceis the k = 1 caseof

H&() = closureof C} () in HX() ;
in which the Poincare Inequality reducesto: If is bounded, then
(2.1) Kuky 2y () juiuzy 5 8u2 H() :

The spacesabove extend naturally (cf. [Tem77]) to product spacesof vector

face; for example, H§() = H§() ¢ The inner-products and norms in these
product spacesare extendedin the natural Euclidean way; the corvertion herewill
be to subscript these extended vector norms the sameas the scalar case.

De ne now the spaceV of divergencefree C! vector functions with compact
support as

v=f 2C}() jr =0g:

The following two subspacesf L?() and H3() are fundamertal to the study of
the Navier-Stokesequations.

H = closureof Vin L2() ; V = closureof Vin H3() :

To simplify the notation, it is common (cf. [CF88 , Tem77]) to usethe following
notation for inner-products and normsin H and V:

22) (V)= (UVH;  Jujp= Kuky; o (U v) = (U v)y; kuk = Kuky:

The Navier-stokesequations (1.1){(1.2) are equivalent to the functional di er-
ertial equation:

(2.3) % + Au+ B(u;u)=f; u(0) = ug:

The Stokesoperator A and bilinear form B are de ned as
Au= P u  B(uv)=P[(u r)v];

wherethe operator P is the Leray orthogonal projector, P : H3 7! V and P : L2 7!
H , respectively.
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Weak formulations, which we consider shortly, will usethe bilinear Diric hlet
form (( ; )) and trilinear form b(; ; ) as:

((w;v) = (rurv);  blu;v;w) = (B(u;v);w) = (P((u r)v);w):

(Note that thanks to the Poincare inequality (2.1), the form (( ; )) is actually an
inner-product on V, and the induced norm k k= (( ; ))**? is in fact a norm onV,
equivalert to the H!-norm.)

A priori bounds can be derived for the form b(; ;) (cf. [CF88, Lad69,
Tem77]). In particular, if RY, then the trilinear form b(u; v; w) is bounded on
V 'V V asfollows:

(24)d=2: jo(uviw)j  2872kukiSey juifey Vine kwki, iwige

(25)d=3: jo(uviw)i 2kuk(3(, Juiiiig iVikeo kwki3e, iwiia,

Moreover, from Helder inequalities we have for d= 2 or d = 3:
(2.6) jo(viu;v)j  kroukps ) kvkEoy

3. Polynomial interp olation in HJ()

An exampleof a projection operator which satis es the approximation assump-
tion (1.8) is that usedfor de ning determining volumes[JTi92a ]; we examine now
powerful alternativ e operator. Let RY be a d-dimensional polygon, exactly tri-
angulated by (for example) Delaunay triangulation [Ede87], with quasi-uniform,
shape-regular simplices, the vertices of which will form a set of N generalizedin-
terpolation points in our analysis. Note that for quasi-uniform, shape-regular tri-
angulations in RY (see[Cia78] for detailed discussions),it holds that
3.1) Coj jh ¢ N Cfj jh ¢
where h is the maximum of the diameters of the simplices, and where Co and CJ
are universal constarts, independert of both N and h. The parameter h will be
referred to asthe characteristic parameter, or characteristic length scale,of suc a
quasi-uniform shape-regular mesh.

It should be noted that given someinitial triangulation satisfying (3.1), re-
peated bi-section [B&an91] or octa-section [Zha88 ] (quadra-sectionin 2D) of eath
simplex can be performedin suc a way asto guarantee non-degeneracyasymptot-
ically, in that the quasi-uniformity and shape-regularity are presened. Therefore,
inequality (3.1) can be madeto hold, for the sameuniversal constarts, for ner and
ner meshesin a nested sequenceof simplex triangulations.

To properly de ne a contin uous piecewise-lineamodal interpolant of a function
u2 H() basedonthe nodesofatriangulation of , the particular function u must
be bounded point-wise. This will be true if the function u is continuousin , hence
uniformly continuouson . One of the Sobolev imbedding results (cf. [Ada78 ])
statesthat if RY satises 2 C%1, then for nonnegative real numbersk and s it
holdsthat H¥() | CS(), k> s+ 4. This implies that for d = 1, the interpolant
canbe correctly de ned, sinceH () is continuously imbeddedin C°(). However,
in higher dimensions,H* () ! C%) onlyif > Owhend= 2,0orif > 1=2
whend = 3. While it may be possibleto usethe nodal interpolant and a regularity
assumptionsuch asu 2 H* () for appropriate > 0, an alternativ e approad is
taken here.
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The generalizedinterpolant due to Scott and Zhang [SZ90] can be de ned for
H *-functions in both two and three spatial dimensions. The SZ-interpolant I, is
constructed from a combination linear interpolation and local averaging on faces
and edgesof simplices, and has optimal approximation properties evenin the case
of H *-functions.

Lemma 3.1. For the SZ-interpolant of u2 H}* () , 0, it holds that
ku Inpukizy  Cih™ jujps () -
Pr oof. Seethe appendix for a condensedproof following [BS94, SZ90].

Note that both the usual nodal interpolant and the SZ-interpolant 1, can be
written asa linear combination of linear functionals:

X
lhu(x) = i ()i (u):

i=1

In either case, the set of functions f igi’\‘zl is the usual continuous piecewise-
polynomial nodal nite elemer basisde ned over the simplicial mesh, satisfying
the Lagrange property at the vertices of the mesh:

i(X)= j:
The di erence betweenthe two interpolants is simply the choice of the linear func-
tionals: in the caseof the nodal interpolant, the functionals are delta functions

certered at the vertices of the mesh; in the caseof the SZ-interpolant, they are
de ned in terms of a bi-orthogonal dual basis (seethe Appendix).

4. The Tw o-dimensional Navier-Stok es Equations

A generalweak formulation of the Navier-Stokesequations (1.1){(1.2) can be
written as (cf. [CF88, Tem77]):

Definition 4.1 Givenf 2 L?([0;T]; V9, a weak solution of the Navier-Stokes
equations satis es u 2 L2([0; T];V)\ Cw([0; T];H), du=dt2 L{ ((0; T]; V9, and

4.1) < %;v> + ((u;v)) + b(u;u;v) =< f;v> 8v2V; foralmostewry t;

(4.2) u(0) = uo:

Here, the spaceC,, ([0; T];H) is the subspaceof L* ([0;T];H) of weakly cortin-
uous functions, and < ; > denotesthe duality pairing betweenV and V° where
H is the Riesz-ideni ed pivot spacein the Gelfandtriple V.. H = H® V0 Note
that sincethe Stokesoperator can be uniquely extendedto A : V 7! VO and since
it can be showvn that B :V VvV 7! VO (cf. [CF88, Tem83] for both results), the
functional form (2.3) still makes sensefor weak solutions, and the total operator
represerts a mapping V 7! VO

In the two-dimensional case, for a forcing function f 2 L* ([0;T];V9, there
existsa unique weaksolution u 2 L2([0; T]; V)\ Cy ([0; T];H) (cf. [CF88, Tem83]).
Consider now two forcing functions ;g 2 L2([0;1 ]; V9 and corresponding weak
solutions u and v to (2.3) in either the two- or three-dimensionalcase. Subtracting
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the equations (2.3) for u and v yields an equation for the di erence function w =
u v, namely
(4.3) (jj—vtv+ Aw + B(u;u) B(v;v)=f g
Since the residual of equation (4.3) lies in the dual spaceV? for almost ewery t,
we can consider the dual pairing of ead side (4.3) with a function in V, and in
particular with w 2 V, which yields

< ?j—vtv;w> + kwk? + b(u;u;w)  b(v;v;w) =< f g,w> for almost ewery t:
It can be shown (cf. [Tem77], Chapter 3, Lemma 1.2) that

}E-W-z =< d—W'W >
2at™ == G
in the distribution sense.lIt can also be showvn [CF88, Tem77] that b(u;v;w) =

b(u; w; V), 8u;v;w 2 V, sothat b(w;u;w) = b(u;u;w) b(v;v;w). Therefore, the
function w = u v must satisfy
(4.4) %%jwj2 + kwk®+ b(w;u;w) =< f  gw> :

The following generalizedGronwall inequality will be a key tool in the analysis

to follow (see[FMTT83 ] and [JTi92a ]).

Lemma 4.1. LetT > Obe xed, andlet (t) and (t) be locally integrable and
real-valued on (0;1 ), satisfying:

t+T VAR
I|t!rr1|nf?t ()d =m>0; Ilrt'r!1lsup?t ()d =M< 1;
VAR
my 0=
where = maxf ; Ogand * = maxf ;0g. If y(t) is an absolutely contin-

uous non-negative function on (0;1 ), and y(t) satis es the following di er ential
inequality:
yat + (My)  (t); aeon(0;1);
thenlimy;  y(t) = 0.
The main two-dimensionalresults are now given; we assumethat R? is an
open bounded domain with Lipschitz contin uous boundary.
Theorem 4.1 Letf (t);g(t) 2 V°be any two forcing functions satisfying
tIlilm kf (t) g(t)kyo= 0;
and let u;v 2 V be the correspnding weak solutions to (1.1){(1.2) for d = 2. If
there exists a projection operator Ry :V 7! Vy  L2() , N = dim(Vy), satisfying
tllllm KRn (u(t)  v(t)kezy =0;
and satisfying for > 0 the approximation inequality
ku Ry Uk|_2() CiN kUkHl() )
then

Jim jut)  v(vj=0
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holdsif N is suchthat
1 -
1 >N>C —limsupkf (t)kyo ;
til
where C is a constant independentof andf.

Pr oof. Using the notation (2.2), we begin with equation (4.4), employing the
inequality (2.4) along with Cauchy-Schwarz and Young's inequalities to yield

%%jwj2+ kwk?  kuk jwj kwk + kf  gkyokwk

Ekukzjwj2+ Lyt gkZ o + Ekwkz:
Equivalently, this is
%jwj2 + kwk? gkukzjwj2 2y gk o

To bound the secondterm on the left from below, we employ the approximation
assumptionon Ry, or rather the following inequality which follows from it:

jwj> 2N 2 CPkwk® + 2kRn WK 2 () ;
which yields
2

d. . 2 . 2 N2
aJWJ2 + 22 Zkuk® jwj?  Zkf o gkZo+ C—fkRN wkf2()
This is of the form

Qi+

dt ’
with obvious de nition of and

The generalizedGronwall Lemma 4.1 can now be applied. Recall that both

kf  gkvo! OandkRywk 2y ! Oast! 1 by assumption. Sinceit is assumed
that u and v, and hencew, arein V, sothat all other terms appearingin and
remain bounded, it must hold that

Zit Zyt
lim = *()d =0; lim sup= d <1:
Jm s tO) msupz ()
It remainsto verify that for some xed T > 0,
Zit
lim sup= ()d >0
tiL T
This meanswe must verify the following inequality for some xed T > O:
|
z : z
2c% 17T 2kuk? 4c? 1T
(45) N2 > %1 lim sup= e = %Ilm sup= kuk?d :
ti1 T tiL T

The following a priori bound on any weak solution can be shown to hold (this is a

simple generalizationto f 2 V9 of the bound in [CF88] for f 2 H):
z t+T 2
lim sup= ku( )k?d = lim supkf (t)kgo;
t11 T t11
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for T= 2= > 0, where is the bestconstart from the Poincare inequality (2.1).
Therefore, if

2 4c?

1. 2 .
(4.6) N2 >8CZ = lim supkf (t)kyo —L = lim supkf (t)ko ;
til tl

implying that (4.5) holds, then by the Gronwall Lemma 4.1, it follows that
Jimjw(®)i = lim ju(t) v(t)j = 0:

Assume now that R? is also polyhedral, and can be exactly triangu-
lated with a quasi-uniform, shape-regular set of simplices of maximal diameter
h = O(N '¥2), where N is the number of vertices in the triangulation (seex3).
As an application of the generalresult above, we establish a lower bound on the
simplex diameters of such a triangulation, which ensuresthat the SZ-interpolant is
a determining projection (equivalently, that the simplex surfaceintegrals forming
SZ-interpolant coe cien ts are a determining set of linear functionals).

Cor ollar y 4.1. The SZ-interpolant is determining for the two-dimensional
Navier-Stokesequations if the diameter h of the simplicesis small enoughso that

2
1>h?2>cC izlim supkf (t)kyo
th

Proof. Sinceh = O(N *2) for quasi-uniform, shape-regular triangulations
in two dimensions,taking = 0in Lemma 3.1 yields

ku |hUk|_2() ClhjUjHl() CiN lzkukHl() :

Therefore, the SZ-interpolant |, satis es the approximation inequality (1.8) for
= 1=2. The corollary then follows by application of Theorem 4.1.

Remark 4.1 If f 2 H, then we havein fact a strong solution, i.e. u2 H?2(),
and the interpolation Lemma 3.1 may be applied with = 1. This falls into the
theoretical framework of [CJTi95, CJTi97 ], and in the periodic casethey have
shown that N Gr, whereasthe above result for the no-slip case states that
N  Gr2. Whether the no-slip casemay be improvedto N Gr with additional
regularity (f 2 H) is unclear, due to the lack of an analogousidentity to

(B(w;w); Aw) = 0;

which holds for the two-dimensional periodic case. In physical terms, in two di-
mensionsthis identity illustrates the lack of a boundary vorticit y shedding source
when the boundary is absen.

5. The Three-dimensional Navier-Stok es Equations

The lack of appropriate a priori estimatesin the three-dimensionalcaserequires
a modi cation of the approac taken for the two-dimensional casein the previ-
ous section. However, the interpolation results we have employed are dimension-
independert, and by following the analysis approach of [CDTi95 ] very closely we
can obtain similar results for the three-dimensional case. Again we require only
that f 2 VO but we also assumethe existenceof a unique weak solution to the
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three-dimensional Navier-Stokes equations. An additional technical assumptionis
that somemeasureof the meanrate of energy dissipation be nite, namely:
t+T
= inf limsup= kr uky d < 1:
! T>0 t1n pT t !

This assumptionimplies that evertually the weaksolution for the three-dimensional
Navier-Stokes equations becomesunique, and also in the casef 2 H the weak
solution evertually becomesstrong. But this assumption doesnot imply anything
about the transients, sincethe quartity is required to be nite only for large time.
We assumeagainthat R?3 is an openboundeddomain with Lipschitz continuous
boundary.
Theorem 5.1 Letf (t);g(t) 2 V°be any two forcing functions satisfying
tIlilm kf (t) o(t)kvo= 0;
and let u;v 2 V be the correspnding weak solutions to (1.1){(1.2) for d = 3. If
there exists a projection operator Ry :V 7! Vi L?() , N = dim(Vy ), satisfying
tllllm KRy (u(t)  v(t)kez2(y =0;
and satisfying for > 0 the approximation inequality
ku Rn UkLZ() CiN kUkHl() )
then
t||i1m jut) v)j=0
holdsif N is suchthat
I
1 ( Z t+T ) 2
1 >N>C _T”lfo IITlsUp? t kr u(s)k_: (y ds ;
where C is a constant independentof , f, and u.

Pr oof. Beginning with equation (4.4), the inequality (2.6) is employed along
with Cauchy-Schwarz and Young's inequalities to yield

E%jwj2 + kwk?  kr ukp: ) jwj?+ kf o gkyokwk
kr ukp: jwj? + 2ikf gk o + E|<w|<2
Equivalently,
d. o 2 RTINS 2 .
aJWJ + kwk®  kr ukpi oy jwj —kf  gkgo:

To bound the secondterm on the left from below, we employ a consequencef the
approximation assumptionon Ry, namely the inequality

jwi? 2N 2 CZkwk® + 2kRy wk?, () ;

which yields
d. . N 2 o 1 N 2
ajoz+ %, kr uk s jwj?  Zkf gkdo+ C—%kRN wki sy

This hasthe form

Siw+
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with again obvious de nition of and
The analysis now proceedsexactly asin the proof of Theorem 4.1, sothat all
that remainsis to ched again that for some xed T > 0,
VARS
lim sup= ()d >0
tiL T

Thus, we must prove our assumptionon N guaranteesfor a xed T > 0 that

2C2 z t+T
(5.1) N2 > —Llimsup= kr uk sy d:
t11 T
If we selectT > 0 sud that |
Zier ’ VA
2Tirlf0 Ii??lsup? t kr u(s)k_: () ds IiTlsupT— : kr u(s)k_: (y ds;
then our assumption gives
I
, 4Cf Ziit )
. > — | i =
(5.2) N T|n>fO Ilrtr!llsup_l_ t kr u(s)k_: ¢y ds

which implies (5.1). The theorem then follows by the Gronwall Lemma 4.1.

Assume now that R® is also polyhedral, and can be exactly triangu-
lated with a quasi-uniform, shape-regular set of simplices of maximal diameter
h = O(N '), where N is the number of vertices in the triangulation. As an
application of the generalthree-dimensionalresult above, we will establish a lower
bound on the simplex diameters of sud a triangulation, which ensuresthat the
SZ-interpolant is a determining projection (and that the simplex surfaceintegrals
forming SZ-interpolant coe cien ts are a determining set of linear functionals).

Cor ollar y 5.1. The SZ-interpolant is determining for the three-dimensional
Navier-Stokesequations if the diameter h of the simplicesis small enoughso that
( Z )!
t+T

1
2 — i i —_—
1 >h<>C T|rlf0 Ilmt!lsup_l_ t kr u(s)k_: () ds

Proof. Sinceh = O(N ¥3) for quasi-uniform, shape-regular triangulations
in three dimensions,taking = 0in Lemma 3.1 yields

ku |hUk|_2() ClhjUjHl() CiN lzakUkHl() :

Therefore, the SZ-interpolant |, satis es the approximation inequality (1.8) for
= 1=3. The corollary then follows by application of Theorem 5.1.

App endix: Appro ximabilit y of the Scott-Zhang Interp olant

We will sketch the proof of the approximabilit y result for the SZ-interpolant
given asLemma 3.1; we will follow quite closelythe proof givenin [BS94, SZ90].
As throughout this paper, we assumethat 2 C%!, and that the given exact
simplicial triangulation of is both shape-regularand quasi-uniform.

The proof of Lemma 3.1 will follow easily from the following result (seethe
commerts at the end of this appendix).
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Lemma 5.1. For the SZ-interpolant of u2 H&* () , 0, it holdsthat
ku |huk|_2() C1h1+ jUjH1+ () -

To prove Lemma 5.1, we will begin by de ning carefully the SZ-interpolant.
Let T, = f jg, be the given quasi-uniform, shape-regular mesh of d-simplices
which exactly triangulate the underlying domain , andlet = fx;g\, be the
set of vertices of these d-simplices. De ne

Vh = sparf i(x)gly;  HY() ;

wheref ;(x)g is the set of standard contin uous piecewiselinear (nodal) basisfunc-
tions. The nodal basissatis es the Lagrangerelationship at the vertices (which are
exactly the \no des" in this setting):

i(xj)= jy:

Now, for ead vertex x;, we select (arbitrarily) an assaiated (d 1)-simplex
from the given simplicial mesh satisfying only:
(1) Xi 2 i, and (2) i @ if Xi 2 @

In other words, for a givenvertex x; we pick an arbitrary (d 1)-simplex from edges
or facesof the d-simpliceswhich contain x; asa vertex. In two-dimensions,we are
picking the edgeof oneof the triangles that have x; asa vertex; in three-dimensions,
we are picking the face of one of the tetrahedra which have x; asa vertex. The only
restriction on this choice is near the boundary: if x; is on the boundary, then the
(d 1)-simplex we pick must be one of the edgesor facesof the a simplex which
lies exactly on the boundary (such a choiceis always possible).

In each (d 1)-simplex ;, wenumber the generatingvertex x; rst in the setof
verticesof ;, denoted f x;; gf':l . (l.e., we setx;.1 = X;.) For eah i, we also have

a(d 1)-dimensional nodal basisf i; gf':l , Where againwe set ;.1 = ;. There
exists an assaiated L?( ;)-dual (bi-orthogonal) basisf i; g satisfying
Z

i (X) i (X)dx = ;. k= Lond
Again wetake 1= Ri> 8Xi 2 . Note that ; and ; alsosatisfy a bi-orthogonal
relationship, namely jdx=0; i & j. We de ne now the SZ-interpolant as

" z
I tHYO) 70VR() 5 ThuG) = 0O liw = i()u()d

i=1 i

Thanks to the Trace Theorem [Ada78 ], the interpolant I,u(x) is well-de ned at
nodal valueseven for u2 H(), sinceH() ! L?( ;). Almost by construction,
one can show [SZ90] that

Ih :HY() 7' V() is a projection
In :H() 7! Von()
where Vyy is the subsetof V}, having zerotrace on the boundary of . Thus, I, pre-

serveshomogeneoudDiric hlet boundary conditions. Using homogeneiy argumernts,
the following stability result for the interpolant is establishedin [SZ90].
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Lemma 5.2. For any 2 T, if the support region of is de ned as the set

S =interior ([f ij i\ 6 ;; i2Thg), thenit holdsthat
X
kthka() (3 hk ijij(S ), 0 m [; 1> 1=2:
k=0

Pr oof. Seethe proof of Theorem 3.1in [SZ90].
The proof of the Scott and Zhang [SZ90] approximation result is as follows.

Pr oof. (Lemma5.1) Sincely, is a projector from H() onto V4 (), it follows
that on eac elemen, |, is a projector from H( ) onto Py( ), the spaceof linear
polynomials over . Thus, Ixp = p; 8p 2 P1( ), and employing also the stability
result in Lemmab5.2we havethat forO0 m k 2,

xXn

ku lhukym()y Ku pkym(y+Kin(p Ukpgmy C  h* ™ku pkyks )
k=0

where S is the elemen support region surrounding as de ned in Lemma 5.2.

Employing the modi ed Bramble-Hilbert lemma developed in [DS80] to estimate
the terms of the sum gives

inf ku pkym Ch¥ Mjuj 0 m k 2
o2b () PKHym (s ) JUlHk(s )
where due to the assumptions about the domain and the mesh, the constart C
dependsonly on the spatial dimensiond. Togetherwith the equation above this is
ku lhukgm(y Ch* Mjujyksy O m k 2

Sincethe set
Q= supfcardf 2 Thj \' S 6 ;09

2Th

is nite due to the quasi-uniformity and shape-regularity of the mesh, we have

nally that forO m k 2,it holdsthat
X
ku Thukin = ku Ipukfe,  Ch¥K ™kuk, :

2Th

The result for non-integer exponents k and m follows by the usual norm interpola-
tion argumerts betweenL?() and H?(), which completesthe proof.

Lemma 5.1 can be easily extended to the vector case,which provides nally
the proof of Lemma 3.1.

Proof. (Lemma3.1)Foru2 H3* () = (Hy" () ¢, we havethat
xd 0 xd
ku |hUkEz = kUi Ih UikLZ() C]2_h2(1+ ) jUij|2_|1+ O ;
i=1 i=1
Wherelr(]i) denotesthe scalar SZ-interpolant applied to u;. Thus,

ku lhukezgy  Cih™ jujyw () :
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