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Abstract. Thistwo-partpaperexamineswo approaches
for meshadaptationusingcombinationsof a posteriori
errorestimatesanddomaindecomposition.

In thefirst part, we considera domaindecomposition
methodappliedto the generalizedStokes problem,with
meshadaptatiorin eachsubdomairusingthe a posteri-
ori local error estimatoras adaptatiorindicator We ap-
ply domaindecompositiorwithout overlapping,andthe
condition of compatibility on the interfaceis enforced
weaklyvia a Lagrangemultiplier. The a posteriorierror
estimatedor this problemareconstructedorresponding
to linear approximationfor the velocity, densityor pres-
sureandtheLagrangemultiplier associategvith thecon-
strainton the interface.All the errorsare approximated
in the spaceof bump quadraticfunctions,a hierarchical
basisof the spaceof quadraticfunctions.The localiza-
tion of the error estimationis basedon solving thelocal
problems,andan equivalencebetweerthe error estima-
torsandthe exacterrorshasbeendemonstrated.

In thesecondart,weoutlineanewn approacHor adap-
tive meshgenerationwhich allows for the use of ex-
isting (sequentialladaptve meshrefinementalgorithms
and software in a distributed computing ervironment.
Moreover, theprimarycomponentsf this new algorithm
arehandledin parallel,with no communicatiorrequire-
ments We first outlinethe algorithm,andthengive anu-
mericalexampleusingPLTMG asthesequentiahdaptie
codeusedin the new algorithm.
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1 Error Estimator for the StokesProblem
with Domain Decomposition

1.1 Domain decompositionfor the
generalizedStokesproblem

1.1.1 Problemdefinition

Let Q beaboundedpensubseof R* with boundany".
We proposeo solwein 2 thefollowing generalizectom-
pressibleStokesproblemwith Dirichlet boundarycondi-
tions:

inQ
inQ )
onTl’

aU—pAU+ B p=f
Bv-U+vp=nh
U=3g

wherea, 8 andy arepositive constants.
Here we considerthe decompositionof  into two
non-overlappingsubdomains2; andQ.:

Q=0 UQ
QN =0
We denotetheinterfacebetweerf2; and2; by S.
Now the global problemin © is replacedy the prob-
lemsposedn eachsubdomain:

fori =1,2 (Ui, ps) solves

aU; —p AU+ pi = fi in Q;
ﬂ \v4 .Us; +ypi = h in Q; (2)
U =g onT;
U2=U1 onS

withT; =9Q; NI, Vi =1,2



1.1.2 LagrangianFormulation

In orderto solve problem(2), a Lagrangemultiplier Xis
introducedassociatedvith theinterfaceconditionU; =
Us,, thatis to say we weakly imposecontinuity of the
solutionU acrossS.
We definethefollowing spaces:
Xg = Xgl X ng
and
Xgi = {Vi € (H'(2))% Vi |r;= 7}
Y = L*(4) x L2(s)
2
Z= (H—%(S))
Thereforewe searchthe solution of following La-
grangianformulation:

Flnd U,p,X) € Xy xY x Z, suchthat:
2 [ fni U;Vidz + p fn,. vU; v Vidz
-8 fn pi v .%dm] — fs X(vs — v1)do

{ E (Fi, Vi) VV € Xo ®)
-2 [ﬂ fn v-Usgsdw + [, pzqzdx]
= — Z (hi, i) VgevtY

U2—U1 dO’—O

\ - fS

Here for simplicity we denote by the integral on
S, the product of duality The left hand side of
3) define_ga bilinear form subsequentlydenoted by
Ts((U, p, A), (V, a,7))-

Remarkl Whenthe interfacesS crosswith Dirichlet
boundariesthe variationalformulation (3) is equivalent
to original problem(2) only underthe hypothesisg €

(H%+f(r))2 for e € [0,1].

Remark?2 The Lagrangemultiplier X can be inter-

pretedas:
N OU, - i . _1 2
A= ["am ]s(_l) " (H 2(5))

The linear systemof problem(3) canbe solved by a
preconditionectonjugategradientalgorithm.In eachit-
erationof thealgorithm,a generalizedtolkesproblemis
solvedin eachsubdomainin this work, we solwve it with
astandardPetros-Galerkinformulation.

Vije Z

1.2 Discretization

Now we considerthediscretizatiorof problem(3) using
domaindecomposition.
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Thesubdomain$2; andQ2, areapproximated2; and
Q42 which are polygonaldomainsde R?. Let 751 and
Tr2 bethedomaindiscretizatiorof Q1 andQp»:

U

TE€EThi

Vi=1,2

TheinterfaceS is approximatedy a polygonalline S, .
Thetriangulationsof of Q51 andQ,, arenotrequiredto
matchalongtheinterfaceSy,.

SincethespacesX,,Y andZ arenotindependenthe
choiceof the discreteLagrangemultiplier spaceZ;, for
Z is influencedby the choiceof thediscretespacesX .
andY} for X, andY’, respectiely.

Sincethe Stoles equationsare stablein the Petrov-
Galerkinformulation,we candiscretizevelocityandden-
sity with piecavise polynomialsof the samedegree.The
spacesX, andY areapproximatedspacesf Lagrange
finite elementswith degreek = 1 or 2:

Xgn = Xgn x Xgn2 and

Xoni = {Vii € (C°(%))%; Vi |r; =

Vii € (P*(1)),V7 € Thi}

Y, x Yo and

{vni € Co(ﬁi);vhi € Pk(T),VT € Thi}

Ve =
Y =

Thenwe take adiscretizatiorfor spaceZ with helpof
finite elementsP* on Sy, Zs is definedby:

Zn = {Va € (C°(S))*; Vi |B; € (P*(B;))?,VB; € Si}

B; = [p;,pj+1] is definedasfollow:

The partition pi < ps2... < pm is the largesttrace
comingfrom thetriangulations7y; and 7,2 ontheinter-
face(seefigure 1).

1.3 A posteriori error estimates
1.3.1 Formulationof a posteriorierror

Let (Uz, pr, Az) denotethe solution obtained using
piecavise linear functions(k=1) and (U, p, X) is the so-
lution of system(3). Let

-

(6’ g, ) = (UL:pL:XL) (4)

betheerrorof lineardiscretizatiorof (3) andthendefine
thespace®f piecavise H! functions:

(U: P X) -

Hp = Hp x Hy, and
Hy, =], cp H'(7) ={v,v |.€ H'(7),7 € Thi}
(5)
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For (V,q,7) € (Hy)? x H: x Z, afterintegrating
by pa_r)ts over eachtriangle, we obtain the systemfor
(e ¢,0):

—

Ts((€e,0), (V,q,7)) = L(V,q,7) + J((€,¢), (V; q))

(6)

with thelinearforms L(.) andbilinearformsJ(., .):

(V 4, 7)
Z; 1[(thl)+(h“Vl _‘:|A’[V5]J)Ei
+B(priti, [Vils) m; "‘Zfen Ar (f B ai —aVi)]
—Ts((UL, pr, AL), (V7))

@)

and

(), (V) Z [3] + B, Vi)
) ®

wherethe set E; containsall interior edgesof the tri-
anglesin 75; and[.]a, [.]s meanthe averageand jump
valuesof afunctionacross € E; U Es.

1.3.2 Definitionof local estimatorof a posteriori
error

WedenoteXy, x Y5, x Zs by M whenk = 2 and M}
whenk = 1. We have the hierarchicadecomposition

M2 = My & My*

where MX is a spaceof the continuousquadratichump
functions.

If we resole the problem(3) with MhQ usingthehier
archicalbasis,oneexpectsintuitively thatthecomponent
of the naw solutionlying in M will changevery little
from the calculationwith M. So,the componentying
in M;¥ shouldbe a good approximationto the error of
the solutionon theoriginal spaceM- .

Correspondingo system(6) andin orderto improve
theefficiency of the computatiorof a posteriorierrores-
timatorwe usea spaceof discontinuougjuadraticoump
functions,(K)? x K x (Ks)? , to approximateheerror
(€e,0).

Notethatnoneof thetermsin thebilinearform J(., .)
can be calculatedfrom available data since the error
termsé and e are not knowvn. On the contrary all the
termsin the linear form L(.) can be calculatedfrom
the currentsolution (Uz, pr., Az.). Therefore,abandon-
ing theterm J(., .), we definethelocal a posteriorierror
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estimator(ey, e, §h) by thefollowing system:

Find (€n, en,0n) € (K)? x K x (Ks)? sothat:
Ts((€nsens On)s (Vya,M)p = L(V,q,7) P 9)
V(V,q,7) € (K)* x K x (Ks)*

More explanationand detailsare givenin the Zhou'’s
thesis[3].

Therearetwo casedor thedefinitionof P:

Casel

P=|J7m, 0rm[)Sh € B; andr € Thi, Vi = 1,2

where B; is the supportof 67 the error estimatorof
Lagrangemultiplier. As an a<ample|n figurel P is an
union of triangleswith =. In this casethe local Stokes
problem(9) is solved by a conjugategradientalgorithm.
Case2
P = TWhenarmSh =0

In this case no triangle hasan interaceedge,andthe
system(9) is the sameaswithoutdomaindecomposition,
andreducedo the solutionof alocal Stokesproblemon
eachtriangle.

(IERW] S
=t

Figure1l. InterfacepartitioningandP definitionin casel

2 A DecoupledStrategy

The secondstrata@y, still underdevelopment,is a new
procedurdor adaptve meshgeneratiorwhich allows for
theuseof existing (sequentialpdaptve meshrefinement
algorithmsandsoftwarein a distributedcomputingervi-
ronment.

One of the most difficult obstaclesto overcomein
making effective useof parallelcomputersfor adaptve
finite elementcodessuchas PLTMG [1] is the load
balancingproblem.As an adaptve methodadjuststhe
meshaccordingto the featuresof the solution,elements
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Figure2. Densityplot for thefourth meshadaptatiorievel

in someareasarerefined,whereasothersare not. If an

initial meshis distributed quite fairly amonga number
of processorsa very gooderror estimator(coupledwith

adaptve refinement)quickly producesa very bad work

load imbalanceamongthe processorsWe proposean

alternatve approachthat addresseshe load balancing
problemin anew way, requiringfar lesscommunication
than currentapproachesThis approachalso allows ex-

isting sequentiahdaptve PDE codessuchas PLTMG to

runin a parallelervironmentwithout a large investment
in recoding.

Our approacthasthreemaincomponents:

1. Webegin by solvingasmall(nonlinear)problemonan
initial coarsemesh,andcomputeana posteriorierror
estimatefor the coarsegrid solution.We partitionthe
domainsuchthat eachsubdomairhasapproximately
equalerror (althoughthey cansignificantly differ in
sizeandnumberf elements).

2. Eachprocessois provided the completecoarsemesh
andsolution,andinstructedto solwe the entire (non-
linear) problem,with the stipulationthat its adaptve
refinementshouldbe limited largely to its own parti-
tion. Load balancingis achiezed by instructingeach
processoto addthe samenumberof nodesto its as-
signedsubrgion.

3. A final meshis computedusing the union of the re-
finedpartitionsprovidedby eachprocessorThismesh
could be regularizedor left asa non-matchingparti-
tionedgrid. In eithercase a final solutioncomputed,
using a standarddomaindecompositionmortar ele-
ments,or parallel multigrid technique starting from
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the (very good)initial guessprovided by thelocal so-
lutions.

OurapproacthasseveralinterestingeaturesFirst, the
loadbalancingproblem(stepl) is reducedo the numeri-
cal solutionof a smallproblemon asingleprocessqrus-
ing asequentiahdaptve solver suchas PLTMG, without
requiringary modificationsto the sequentiasolver. Sec-
ond,thebulk of thecalculation(step2) takesplaceinde-
pendentlyon eachprocessqrandcanalsobe performed
with a sequentiabolver suchas PLTMG with no modi-
ficationsnecessaryor communication(In PLTMG one
line of codewas added,which artificially multiplied a
posteriorierror estimategor elementsoutsidea proces-
sor’s partitionby 1076.) Step2 wasmotivatedby recent
work of Mitchell [4] on parallelmultigrid methods.

The only partsof the calculationrequiringcommuni-
cationare (1) theinitial fan-outof the meshdistribution
to the processorspncethe decompositions determined
by theerrorestimatoy(2) themeshregularizationrequir
ing local communicatiorto producea globalconforming
mesh,and (3) the final solution phase which might re-
quire local communication(boundaryexchanges)Note
thata goodinitial guessfor step3 is provided in step2
by taking the solutionfrom eachsubrgjion restrictedto
its partition.

A more completediscussionof this methodcan be
found in [2]. In the limited spaceavailable here, we
are contentto presentan example.In this examplewe
solve the full (nonlinear)potentialflow problemabouta
NACAO0012airfoil.

Theinitial meshgeneratedrom thegeometrydescrip-
tion, had 384 trianglesand 221 vertices(seeFigure 3).
The domainis partitionedinto four subregionswith ap-
proximatelyequalerror usinga recursve spectrabisec-
tion algorithm.Theerroris approximatedisingstandard
aposteriorierrorestimateg1].

Thenfour independenproblemsweresolvedwith the
meshadaptvely refinedto onewith approximately5000
unknavns. Refinedmeshedor two of thefour problems
areshavn in Figures4-5.

The meshedrom the four subproblemsrecombined
to form a globally refinedmeshwith 37913trianglesand
18723vertices.This meshis conformingandis shavn in
Figure6.

Theinitial guesdor theglobalsolutionis computedy
combiningthe solutionsfrom the four subproblemsThe
local Mach numberM (Vu) computedfrom the initial
guessfor the the global solutionis shavn in Figure7.
(In our example, M., = .4, with zeroangleof attack.)
Startingfrom this initial guessthe final global solution
is computed;sincetheinitial guessis very good,only a
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Figure3. Theinitial triangulation, partitionedinto four Figure5. Therefinedmestior problems3.
subiegionswith approximatelyequalerror.

Figure4. Therefinedmeshfor problem1. Figure6. Theglobalrefinedmesh.
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small amountof smoothingis required.M (Vu) for the
final globalsolutionis shawvn in Figure7.

Figure7. M(Vu) computedrom theinitial guessor the
globalsolution.

0.55
0.41
0.31
0.23
0.17
0.13
0.10
7.23e-2
5.41e-2
4.05e-2
3.03e-2
2.27e-2

Figure8. M (Vu) computedrom thefinal globalsolution.

In Tablel, we give the overall executiontimes(in sec-
onds)for this calculation.The timesarefor an SGI Oc-
tane195mhzR10000,usingthef77 compileroptions-O
-32.

The initialization time includesgeneratinga coarse
meshfrom the geometrydescription,solving the coarse
meshproblem,computinga posteriorierror estimates,
andpartitioningthe domain.Theinitialization wasdone
ononeprocessorThetimesfor eachof the subproblems
includeall aspect®f theadaptve feedbacKoop, includ-
ing matrix andright handsideassemblysolutionof lin-
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Initialization 0.82
Solve Subprobleml | 12.9
Solve Subproblen? | 13.0
Solve Subproblen8 | 13.0
Solve Subproblemt | 12.9
Postprocessing 0.81

Tablel. Executiontimes(secondsjor the potentialflow
example.

earandnonlinearsystemsa posteriorierror estimation,
andadaptve refinemenandmeshsmoothing It alsoin-
cludessomerelatively inexpensve clean-up,mainly re-
maving unwanted parts of eachmeshand solution in
preparatiorfor creatingtheglobalcompositemesh Post-
processingncludesthe creationof a global conforming
meshandforming aninitial guesdor thethe solutionon
thatmesh.In our presentcode,this is alsodoneon one
processor

FromTablel we seethatalthoughthe mix of calcula-
tionswasdifferentfor eachsubproblemtheoveralltimes
do not vary too much. And sincetheseproblemswere
solvedcompletelyindependentlytherewasnotime spent
in communicatiorbetweenprocessorssynchronization,
etc.
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