
x1.2 Taylor's Theorem

Recall from calculus the Taylor's seriesfor a function, f (x), expandedabout somenumber,
c, is written as

f (x) � a0 + a1 (x � c) + a2 (x � c)2 + : : : :

Here the symbol � is used to denote a \formal series," meaning that convergenceis not
guaranteed in general. The constants ai are related to the function f and its derivatives
evaluated at c. When c = 0; this is a MacLaurin series.

For examplewe have the following Taylor's series(with c = 0):

ex = 1 + x +
x2

2!
+

x3

3!
+ : : : (1)

sin(x) = x �
x3

3!
+

x5

5!
� : : : (2)

cos(x) = 1 �
x2

2!
+

x4

4!
� : : : (3)

Theorem 1 (T aylor's Theorem). If f (x) hasderivativesof order 0; 1; 2; : : : ; n + 1 on the
closedinterval [a;b], then for any x and c in this interval

f (x) =
nX

k=0

f (k) (c) (x � c)k

k!
+

f (n+1) (� ) (x � c)n+1

(n + 1)!
;

where � is somenumber betweenx and c:

We will use this theorem again and again in this class. The main usageis to approximate
a function by the �rst few terms of its Taylor's seriesexpansion;the theorem then tells us
the approximation is \as good" as the �nal term, also known as the error term. That is,
we can make the following manipulation:

f (x) =
nX

k=0

f (k) (c) (x � c)k

k!
+

f (n+1) (� ) (x � c)n+1

(n + 1)!

f (x) �
nX

k=0

f (k) (c) (x � c)k

k!
=

f (n+1) (� ) (x � c)n+1

(n + 1)!
�
�
�
�
�
f (x) �

nX

k=0

f (k) (c) (x � c)k

k!

�
�
�
�
�

=

�
�f (n+1) (� )

�
� jx � cjn+1

(n + 1)!
:

On the left hand sideis the di�erence betweenf (x) and its approximation by Taylor's series.
We will then useour knowledgeabout f (n+1) (� ) on the interval [a;b] to �nd someconstant
M such that

�
�
�
�
�
f (x) �

nX

k=0

f (k) (c) (x � c)k

k!

�
�
�
�
�

=

�
�f (n+1) (� )

�
� jx � cjn+1

(n + 1)!
� M jx � cjn+1 :
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Example 2. Find an approximation for f (x) = sinx; expandedabout c = 0; using n = 3:
Solution: Solving for f (k) is fairly easyfor this function. We �nd that

f (x) = sinx = sin(0) +
cos(0)x

1!
+

� sin(0) x2

2!
+

� cos(0)x3

3!
+

sin(� ) x4

4!

= x �
x3

6
+

sin(� ) x4

24
;

so
�
�
�
�sinx �

�
x �

x3

6

� �
�
�
� =

�
�
�
�
sin(� ) x4

24

�
�
�
� �

x4

24
;

becausejsin(� )j � 1:

Example 3. Apply Taylor's Theorem for the casen = 1: In this casethe theorem tells us
the following:
Given a function, f (x) with a continuous derivative on [a;b], then

f (x) = f (c) + f 0(� )(x � c)

for some� betweenx; c when x; c are in [a;b].
This is the Mean Value Theorem. As a one-liner, the MVT says that at sometime during
a trip, your velocity is the sameas your averagevelocity for the trip.

x1.2 Taylor's Theorem

Recall Taylor's theorem; we will be using it fairly extensively in this class.

Example 4. Apply Taylor's Theorem to expand f (x) = x3 � 21x2 + 17 around c = 1.
Solution: Simple calculus givesus

f (0) (x) = x3 � 21x2 + 17;

f (1) (x) = 3x2 � 42x;

f (2) (x) = 6x � 42;

f (3) (x) = 6;

f (k) (x) = 0:

with the last holding for k > 3: Evaluating theseat c = 1 gives

f (x) = � 3 + � 39(x � 1) +
� 36(x � 1)2

2
+

6(x � 1)3

6
:

Note there is no error term, since the higher order derivatives are identically zero. By
carrying out simple algebra, you will �nd that the above expansionis in fact the function
f (x):

There is an alternative form of Taylor's Theorem, in this casesubstituting x + h for x; and
x for c in the more generalversion. This gives
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Theorem 5 (T aylor's Theorem, Alternativ e Form). If f (x) has derivatives of order
0; 1; 2; : : : ; n + 1 on the closedinterval [a;b], then for any x in this interval and any h such
that x + h is in this interval,

f (x + h) =
nX

k=0

f (k) (x) (h)k

k!
+

f (n+1) (� ) (h)n+1

(n + 1)!
;

where � is somenumber betweenx and x + h:

We generally apply this form of the theorem with h ! 0: This leadsto a discussionon the
matter of Orders of Convergence. In this class,we will say that somequantit y, Q is \Big-O"
of somepower of h; say hk if there is someconstant M such that

Q � M hk :

In this casewe sometimeswrite
Q = O

�
hk

�
;

although the meaning of the equality is vague. Somepeople insist that \Big-O" is a class
of functions with this convergenceproperty, and a quantit y can be a member of this class.

Someinteresting things to think about \Big-O" functions: if Q = O
�
hk

�
; and T = O (hm )

then what is Q + T? How about QT? If Q = O
�
hk

�
isn't it the casethat Q = O (hm ) for

k < m?

Roughly speaking, through use of the \Big-O" function we can write an expressionwith-
out \sweating the small stu�." This can give us an intuitiv e understanding of how an
approximation works, without losing too many of the details.

Example 6. To make this notion clear, we look at the expansionof ln x.

ln (x + h) = ln x +
(1=x) h

1
+

�
� 1=x2

�
h2

2
+

�
2=� 3

�
h3

6

Letting x = 1; we have

ln (1 + h) = h �
h2

2
+

1
3� 3 h3:

Using the fact that � is between 1 and 1 + h; as long as h is relatively small (say smaller
than 1

2), the term 1
3� 3 can be bounded by a constant, and thus

ln (1 + h) = h �
h2

2
+ O

�
h3�

:

Another theorem for proving convergenceis the following:
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Theorem 7 (Alternating Series Theorem). If a0 � a1 � a2 � a3 � : : : � 0; and
limk!1 ak = 0 then the series

1X

k=0

(� 1)k ak = a0 � a1 + a2 � : : :

converges. Moreover, if you let S be the value of the sum, and Sn be the partial sumP n
k=0 (� 1)k ak , then

jSn � Sj � an+1 :

This theorem can help us �gure out how many terms to take in an approximation.

Example 8. Use Taylor's Theorem on f (x) = ln (1 + x) ; then use the AST to �gure out
how many terms are neededto get an accurate approximation for ln 2:
Solution: The expansionfor this function is actually

ln (1 + x) = x �
x2

2
+

x3

3
�

x4

4
+ : : : =

1X

k=1

(� 1)k� 1 xk

k
:

Thus

ln 2 = ln (1 + x) = 1 �
1
2

+
1
3

�
1
4

+ : : :

This is an alternating serieswith terms 1; 1
2 ; 1

3 ; 1
4 ; : : : How many terms aresu�cien t? Suppose

we wish to �nd an approximation of ln 2 good to 9 decimal places. Thus we want an error
smaller than 1

2 � 10� 9. The AST tells us that

jSn � nj � an+1 =
1

n + 1
:

Thus it su�ces to take 1
n+1 � 1

2 � 10� 9: That is, the AST tells us we needto take 2 billion
terms in our approximation; this is poor.

x2.3 Loss of Signi�cance

Generally speaking, a computer stores a number x as a mantissa and exponent, that is
x = � r � 10k ; where r is a rational number of a given number of digits in [0:1; 1), and k is
an integer in a certain range.

The number of signi�cant digits in r is usually determined by the user's input. Operations
on numbers stored in this way follow a \lo west common denominator" type of rule, i.e.,
precision cannot be gainedbut can be lost. Thus for example if you add the two quantities
0:171717and 0:51, then the result should only have two signi�cant digits; the precision of
the �rst measurement is lost in the uncertainty of the second.

This is as it should be. However, a loss of signi�cance can be incurred if two nearly equal
quantities aresubtracted from oneanother. Thus if I wereto direct my computer to subtract
0:177241from 0:177589; the result would be :348� 10� 3; and three signi�cant digits have
been lost. This kind of loss is often avoidable by rewriting the expressionto avoid this
so-calledsubtractive cancellation.
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Example 9. Rewrite
p

x + 1 � 1 to be stable when x is near 0:
Solution: We rationalize the expression

p
x + 1 � 1 =

p
x + 1 � 1

p
x + 1 + 1

p
x + 1 + 1

=
x + 1 � 1

p
x + 1 + 1

=
x

p
x + 1 + 1

:

This expressionhas no subtractions, and so is not subject to subtractive cancelling.

Example 10. Rewrite ex � cosx to be stable when x is near 0:
Solution: Look at the Taylor's Seriesexpansionfor thesefunctions:

ex � cosx =
�
1 + x +

x2

2!
+

x3

3!
+ : : :

�
�

�
1 �

x2

2!
+

x4

4!
+ : : :

�

= x + x2 +
x3

3!
+ O

�
x4�

This expressionhas no subtractions, and so is not subject to subtractive cancelling.

x3.1 Bisection

We are now concernedwith the problem of �nding a root for the function f (x); i.e., some
c such that f (c) = 0:

The simplestmethod is that of bisection. The following theorem, from calculusclass,insures
the successof the method

Theorem 11 (In termediate Value Theorem). If f (x) is continuous on [a;b] then for
any y such that y is betweenf (a) and f (b) there is a c 2 [a;b] such that f (c) = y:

The IVT is best illustrated graphically. Note that continuit y is really a requirement here{a
singlepoint of discontinuit y could ruin your whole day, as the following exampleillustrates.

Example 12. The function f (x) = 1
x is not continuous at 0. Thus if 0 2 [a;b] ; we cannot

apply the IVT. In particular, if 0 2 [a;b] it happensto be the casethat for every y between
f (a); f (b) there is no c 2 [a;b] such that f (c) = y:

In particular, the IVT tells us that if f (x) is continuousand weknow a;bsuch that f (a); f (b)
have di�eren t sign, then there is someroot in [a;b]. A decent estimate of the root is c = a+ b

2 :
We can check whether f (c) = 0: If this does not hold then one and only one of the two
following options holds:

1. f (a); f (c) have di�eren t signs.
2. f (c); f (b) have di�eren t signs.

We now chooseto recursively apply bisection to either [a; c] or [c;b], respectively, depending
on which of thesetwo options hold.

Mo di�cations Unfortunately, it is impossiblefor a computer to test whether a given black
box function is continuous. Thus malicious or incompetent users could causea na•�vely
implemented bisection algorithm to fail. There are a number of easilyconceivable problems:
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1. The user might give f ; a;b such that f (a); f (b) have the samesign. In this casethe
function f might be legitimately continuous, and might have a root in the interval
[a;b]. If, taking c = a+ b

2 ; f (a); f (b); f (c) all have the samesign, the algorithm would
be at an impasse. We should perform a \sanit y check" on the input to make sure
f (a); f (b) have di�eren t signs.

2. The user might give f ; a;b such that f is not continuous on [a;b], moreover has no
root in the interval [a;b]. For a poorly implemented algorithm, this might lead to
an in�nite search on smaller and smaller intervals about somediscontinuit y of f . In
fact, the algorithm might descendto intervals as small as machine precision, in which
casethe midpoint of the interval will, due to rounding, be the same as one of the
endpoints, resulting in an in�nite recursion.

3. The usermight give f such that f hasno root c that is representable in the computer's
memory. Recall that we think of computers as storing numbers in the form � r � 10k ;
given a �nite number of bits to represent a number, only a �nite number of such
numbers can be represented. It may legitimately be the casethat none of them is
a root to f . In this case, the behaviour of the algorithm may be like that of the
previous case.A well implemented version of bisection should check the length of its
input interval, and give up if the length is too small, comparedto machine precision.

Another common error occurs in the testing of the signsof f (a); f (b): A slick programmer
might try to implement this test in the pseudocode:

if (f(a)f(b) > 0) then ...

Note however, that jf (a)j ; jf (b)j might be very small, and that f (a)f (b) might be too
small to be representable in the computer; this calculation would be rounded to zero, and
unpredictable behaviour would ensue.A wiser choice is

if (sign(f(a)) * sign(f(b)) > 0) then ...

where the function sign(x) returns � 1; 0; 1 depending on whether x is negative, zero, or
positive, respectively.

We give our algorithm as follows

We can seethat each time recursive bisection (f ; a;b;: : :) is called that jb� aj is half
the length of the interval in the previous call. Formally call the �rst interval [a0; b0], and
the �rst midpoint c0. Let the secondinterval be [a1; b1], etc. Note that one of a1; b1 will be
c0; and the other will be either a0 or b0: We are claiming that

bn � an =
bn� 1 � an� 1

2

=
b0 � a0

2n

Theorem 13 (Bisection Metho d Theorem). If f (x) is a continuous function on [a;b]
such that f (a)f (b) < 0; then after n steps, the algorithm run bisection will return c such
that jc � c0j � jb� aj

2n ; where c0 is someroot of f .
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Algorithm 1: Algorithm for �nding root by bisection.
Input: a function, two endpoints, and a tolerance
Output: a point for which the function has small value.
r un bisection (f ; a;b;tol )
(1) Let f a  f (a); f b  f (b):
(2) if sign(f af b) > 0
(3) throw an error.
(4) else if sign(f af b) = 0
(5) if sign(f a) = 0
(6) return a
(7) else
(8) return b
(9) else
(10) return recursive bisection (f ; a;b;f a; f b;tol )

Algorithm 2: Recursive part of bisection algorithm.
Input: a function, two endpoints, the valueof the function at two endpoints,
and a tolerance
Output: a point for which the function has small value.
recursive bisection (f ; a;b;f a; f b;tol )
(1) Let c  a+ b

2
(2) if b� a < 2�
(3) return c
(4) Let f c  f (c):
(5) if jf cj < tol
(6) return c
(7) if sign(f af c) < 0
(8) return recursive bisection (f ; a; c;f a; f c;tol )
(9) else
(10) return recursive bisection (f ; c;b;f c;f b;tol )

x3.2 Newton's Metho d

Newton's method is an iterative method for root �nding. That is, starting from someguess
at the root, x0; one iteration of the algorithm producesa number x1; which is supposedto
be closer to a root; guessesx2; x3; : : : ; xn follow identically.

Newton's method uses \linearization" to �nd an approximate root. Recalling Taylor's
Theorem, we know that

f (x + h) � f (x) + f 0(x)h:

This approximation is better when f 00(�) is \w ell-behaved" betweenx and x + h. Newton's
method attempts to �nd someh such that

0 = f (x + h) = f (x) + f 0(x)h:
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This is easily solved as

h =
� f (x)
f 0(x)

:

P
S

frag
replacem

ents

xk+1

xk

f (xk+1 )

f (xk )

Figure 1: One iteration of Newton's method is shown for a quadratic function f (x): The
linearization of f (x) at xk is shown. It is clear that xk+1 is a root of the linearization. It
happens to be the casethat jf (xk+1 )j is smaller than jf (xk)j ; i.e., xk+1 is a better guess
than xk :

An iteration of Newton's method, then, takessomeguessx k and returns xk+1 de�ned by

xk+1 = xk �
f (xk )
f 0(xk )

:

An iteration of Newton's method is shown in Figure 1, along with the linearization of f (x)
at xk :

Implemen tation Useof Newton's method requiresthat the function f (x) bedi�eren tiable.
Moreover, the derivative of the function must be known. This may preclude Newton's
method from being usedwhen f (x) is a black box. As is the casefor the bisection method,
our algorithm cannot explicitly check for continuit y of f (x): Moreover, the successof New-
ton's method is dependent on the initial guessx0: This was also the casewith bisection,
but for bisection there was an easytest of the initial interval{ i.e., test if f (a0)f (b0) < 0.

Our algorithm will test for goodnessof the estimate by looking at jf (x k)j : The algorithm
will also test for neaer-zeroderivative. Note that if it were the casethat f 0(xk ) = 0 then h
would be ill de�ned.

8



Algorithm 3: Algorithm for �nding root by Newton's Method.
Input: a function, its derivative, an initial guess,an iteration limit, and a
tolerance
Output: a point for which the function has small value.
r un bisection (f ; f 0; x0; N ; tol )
(1) Let x  x0; n  0:
(2) while n � N
(3) Let f x  f (x):
(4) if jf xj < tol
(5) return x:
(6) Let f px  f 0(x):
(7) if jf pxj < tol
(8) Warn \ f 0(x) is small, giving up."
(9) return x:
(10) Let x  x � f x=f px:
(11) Let n  n + 1.

Problems As mentioned above, convergenceis dependant on f (x); and the initial estimate
x0: A number of conceivable problems might comeup. We illustrate them here.

Example 14. Consider Newton's method applied to the function f (x) = ln x
x ; with initial

estimate x0 = 3:
Note that f (x) is continuous on R+ . It has a single root at x = 1: Our initial guessis not
too far from this root. However, consider the derivative:

f 0(x) =
x 1

x � ln x
x2 =

1 � ln x
x2

If x > e1; then 1 � ln x < 0; and so f 0(x) < 0: However, for x > 1; we know f (x) > 0: Thus
taking

xk+1 = xk �
f (xk)
f 0(xk )

> xk :

The estimateswill \run away" from the root x = 1:

Example 15. Consider Newton's method applied to the function f (x) = sin(x) for the
initial estimate x0 6= 0; where x0 has the odious property 2x0 = tan x0:
You should verify that there are an in�nite number of such x0. Consider the identit y of x1 :

x1 = x0 �
f (x0)
f 0(x0)

= x0 �
sin(x0)
cos(x0)

= x0 � tan x0 = x0 � 2x0 = � x0:

Now considerx2 :

x2 = x1 �
f (x1)
f 0(x1)

= � x0 �
sin(� x0)
cos(� x0)

� x0 +
sin(x0)
cos(x0)

= � x0 + tan x0 = � x0 + 2x0 = x0:

Thus Newton's method \cycles" betweenthe two valuesx0; � x0.
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Of course,Newton's method may �nd someiterate x k for which f 0(xk ) = 0; in which case,
there is no well-de�ned xk+1 :

Con vergence Assume that f (x) has two continuous derivatives, and that it has some
simple root r; i.e., we assumethat f (r ) = 0 6= f 0(r ): Let ek = r � xk ; the distance from xk

to the root r: Then

ek+1 = r � xk+1 = r � xk + xk � xk+1 ;

= ek + xk � xk+1 ;

= ek +
f (xk)
f 0(xk )

;

=
f 0(xk)ek + f (xk)

f 0(xk )
:

Now recall Taylor's theorem, expanding about x k :

0 = f (r ) = f (r � xk + xk ) = f (xk + ek ) = f (xk) + f 0(xk )ek +
f 00(� k)

2
e2

k ;

where � k is betweenxk and r = xk + ek :

Then

ek+1 =
� f 00(� k )e2

k

2f 0(xk )
:

Now consider the oddball function

c(� ) =
1
2

maxjx � r j� � jf 00(x)j

min jx � r j� � jf 0(x)j
;

for � > 0: Note that by de�nition c(� ) is increasingin � ; and that

lim
� ! 0+

c(� ) =
1
2

f 00(r )
f 0(r )

= z:

By the assumption that r is a simple root, z is �nite. Then there is some D such that
� � D =) � c(� ) � 1

2 :

Now if jr � xk j = jek j < D ; then � k ; which is betweenr and xk is also near r : jr � � k j < D :
In this case

jek+1 j =

�
�
�
�
� f 00(� k )
2f 0(xk )

�
�
�
�
�
�e2

k

�
� ;

=

�
�
�
�
� f 00(� k )
2f 0(xk )

�
�
�
� jek j jek j ;

� C(D )D jek j �
1
2

jek j < D :
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Thus if jek j < D ; then jek+1 j < D ; and so jen j < D for n > k: Moreover

jek+1 j =

�
�
�
�
� f 00(� k )
2f 0(xk )

�
�
�
�
�
�e2

k

�
� ;

� c(D )
�
�e2

k

�
� :

We term this quadratic convergence. That is, the error decreasesquadratically. If, for
example, it were the casethat c(D ) = 1; then we would double the accuracy of our root
estimate with each iterate. That is, if e0 were 0:001; we would expect e1 to be on the order
of 0:000001.The following theorem summarizesthe convergenceof Newton's Method.

Theorem 16 (Newton's Metho d Con vergence). If f (x) hastwo continuousderivatives,
and r is a simple root of f (x); then there is someD such that if jx 0 � r j < D ; Newton's
method will convergequadratically to r:

Supposethat f (x) had another root near r; call it r 0: How can we be sure that, if x0 is
su�cien tly closeto r; that the method convergesto r; and not to the nearby r 0? Hint: is
c(� ) �nite for all positive � ?

x3.3 Secant Metho d

The secant method for root �nding is roughly basedon Newton's method; however, it is not
assumedthat the derivative of the function is known, rather the derivative is approximated
by the value of the function at someof the iterates, x k . More speci�cally , the slope of the
tangent line at (xk ; f (xk )) ; which is f 0(xk ) is approximated by the slope of the secant line
passingthrough (xk� 1; f (xk� 1)) and (xk ; f (xk)) ; which is

f (xk) � f (xk� 1)
xk � xk� 1

Thus the iterate xk+1 is the root of this secant line. That is, it is a root to the equation

y � f (xk) =
f (xk) � f (xk� 1)

xk � xk� 1
(x � xk) :

Sincethe root has a y value of 0; we have

� f (xk) =
f (xk) � f (xk� 1)

xk � xk� 1
(xk+1 � xk ) ; (4)

�
�

xk � xk� 1

f (xk) � f (xk� 1)

�
f (xk) = xk+1 � xk ; (5)

xk �
�

xk � xk� 1

f (xk) � f (xk� 1)

�
f (xk) = xk+1 : (6)

(7)

You will note this is the recurrenceof Newton's method, but with the slope f 0(xk ) substi-
tuted by the slope of the secant line. Note also that the secant method requires two initial
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Figure 2: One iteration of the Secant method is shown for somequadratic function f (x):
The secant line through (xk� 1; f (xk� 1)) and (xk ; f (xk )) is shown. It happensto be the case
that jf (xk+1 )j is smaller than jf (xk )j ; i.e., xk+1 is a better guessthan xk :

guesses,x0; x1; but can be usedon a black box function. The secant method can su�er from
someof the sameproblems that Newton's method does,as we will see.

An iteration of the secant method is shown in Figure 2, along with the secant line.

Example 17. Consider the secant method usedon x3 + x2 � x � 1; with x0 = 2; x1 = 1
2 :

Note that this function is continuous and has roots � 1: We give the iterates here:

k xk f (xk)
0 2 9
1 0:5 � 1:125
2 0:666666666666667 � 0:925925925925926
3 1:44186046511628 2:63467367653163
4 0:868254072087394 � 0:459842466254495
5 0:953491494113659 � 0:177482458876898
6 1:00706900811804 0:0284762692197613
7 0:999661272951803 � 0:0013544492875992
8 0:999997617569723 � 9:52969840528617� 10� 06

9 1:0000000008072 3:22880033820638 � 10� 09

10 0:999999999999998 � 7:43849426498855� 10� 15

Problems As with Newton's method, convergenceis dependant on f (x); and the initial

12



estimatesx0; x1: We illustrate a few possibleproblems:

Example 18. Considerthe secant method for the function f (x) = ln x
x ; with x0 = 3; x1 = 4:

As with Newton's method, the iterates diverge towards in�nit y, looking for a nonexistant
root. We give someiterates here:

k xk f (xk)
0 3 0:366204096222703
1 4 0:346573590279973
2 21:6548475770851 0:142011128224341
3 33:9111765137635 0:103911011441661
4 67:3380435135758 0:0625163004418104
5 117:820919458675 0:0404780904944712
6 210:543986613847 0:0254089165873003
7 366:889164762149 0:0160949419231219
8 637:060241341843 0:010135406045582
9 1096:54125113444 0:00638363233543847
10 1878:34688714646 0:00401318169994875
11 3201:94672271613 0:0025208146648422
12 5437:69020766155 0:00158175793894727
13 9203:60222260594 0:000991714984152597
14 15533:1606791089 0:000621298692241343
15 26149:7196085218 0:000388975250950428
16 43924:8466075548 0:000243375589137882
17 73636:673898472 0:000152191807070607

Example 19. Consider Newton's method applied to the function f (x) = 1
1+ x2 � 1

17; with
initial estimatesx0 = � 1; x1 = 1:
You can easily verify that f (x0) = f (x1); and thus the secant line is horizontal. And thus
x2 is not de�ned.

Con vergence We considerconvergenceanalysis as in Newton's method. We assumethat
r is a root of f (x); and let en = r � xn : Becausethe secant method involvestwo iterates, we
assumethat we will �nd somerelation betweenek+1 and the previous two errors, ek ; ek� 1:
We start with

ek+1 = r � xk+1

= r �
�
xk �

xk � xk� 1

f (xk ) � f (xk� 1)
f (xk)

�
;

=
r f (xk) � r f (xk� 1)
f (xk) � f (xk� 1)

�
f (xk)xk� 1 � f (xk� 1)xk

f (xk ) � f (xk� 1)
;

=
f (xk)ek� 1 � f (xk� 1)ek

f (xk) � f (xk� 1)
;

=
f (xk)=ek � f (xk� 1)=ek� 1

f (xk) � f (xk� 1)
ekek� 1;

=
�

xk � xk� 1

f (xk) � f (xk� 1)

� �
f (xk)=ek � f (xk� 1)=ek� 1

xk � xk� 1

�
ekek� 1: (8)

13



Now recall Taylor's theorem, expanding about r :

f (xk) = f (r + xk � r ) = f (r � ek ) = f (r ) + f 0(r )( � ek ) + f 00(r )
e2

k

2
� f 000(� k )

e3
k

6
;

= f 0(r )( � ek ) + f 00(r )
e2

k

2
� f 000(� k )

e3
k

6
;

f (xk)=ek = � f 0(r ) + f 00(r )
ek

2
� f 000(� k)

e2
k

6
;

= � f 0(r ) + f 00(r )
ek

2
+ O

�
e2

k

�
:

where � k is betweenxk and r = xk + ek :

Line up this equation for k; k � 1; then subtract to get

f (xk)=ek � f (xk� 1)=ek� 1 = f 00(r )
ek � ek� 1

2
+ O

�
e2

k

�
+ O

�
e2

k� 1

�
:

Note that xk � xk� 1 = xk � r + r � xk� 1 = ek� 1 � ek ; so

f (xk)=ek � f (xk� 1)=ek� 1 = �
f 00(r )

2
[xk � xk� 1] + O

�
e2

k

�
+ O

�
e2

k� 1

�
:

Returning to equation 8, we get

ek+1 �
�

xk � xk� 1

f (xk) � f (xk� 1)

� �
�

f 00(r )
2

�
ekek� 1:

By Taylor's theorem, the �rst term is very near 1
f 0(r ) ; so

ek+1 � �
f 00(r )
2f 0(r )

ekek� 1 = Cekek� 1:

We now postulate that the error terms for the secant method follow somepower law of the
following type:

jek+1 j � A jek j� :

Recall that this held true for Newton's method, with � = 2: We try to �nd the � for the
secant method. Note that

jek j = A jek� 1j� ;

so
jek� 1j = A � 1

� jek j
1
� :

Then we have
A jek j � = jek+1 j = C jek j jek� 1j = CA � 1

� jek j1+ 1
� ;

Sincethis equation is to hold for all ek ; we must have

� = 1 +
1
�

:

14



This is solved by � = 1
2

�
1 +

p
5
�

� 1:62. Thus we say that the secant method enjoys
superlinear convergence;This is somewherebetween the convergencerates for bisection
and Newton's method.

x4.1 Polynomial In terp olation

We consider the problem of �nding a polynomial that interpolates a given set of values:

x x0 x1 : : : xn

y y0 y1 : : : yn

wherethe x i are all distinct. A polynomial p(x) is said to interpolate thesedata if p(x i ) = yi

for i = 0; 1; : : : ; n: The x i valuesare called \no des."

Existence

As you might have guessed,for any such set of data, there is an n-degreepolynomial that
interpolates it. We present a constructive proof of this fact by useof LagrangePolynomials.

For a given set of n + 1 nodes x i ; the Lagrange polynomials are the n + 1 polynomials ` i

de�ned by

` i (x j ) = � ij =
�

0 if i 6= j
1 if i = j

Then we de�ne the interpolating polynomial as

pn (x) =
nX

i =0

yi ` i (x):

If each Lagrange Polynomial is of degreeat most n; then pn also has this property. We
claim that we can characterize the LagrangePolynomials as follows:

` i (x) =
nY

j =0 ; j 6= i

x � x j

x i � x j
:

By evaluating this product for each x j ; we seethat this is indeed a characterization of the
Lagrange Polynomials. Moreover, each polynomial is clearly the product of n monomials,
and thus has degreeno greater than n:

Example 20. Construct the polynomial interpolating the data

x 1 1
2 3

y 3 � 10 2

by using LagrangePolynomials.
We construct the LagrangePolynomials:

`0(x) =
(x � 1

2)(x � 3)

(1 � 1
2)(1 � 3)

= � (x �
1
2

)(x � 3)

`1(x) =
(x � 1)(x � 3)
( 1

2 � 1)( 1
2 � 3)

=
4
5

(x � 1)(x � 3)

`2(x) =
(x � 1)(x � 1

2)

(3 � 1)(3 � 1
2)

=
1
5

(x � 1)(x �
1
2

)
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Then the interpolating polynomial, in \Lagrange Form" is

p2(x) = � 3(x �
1
2

)(x � 3) � 8(x � 1)(x � 3) +
2
5

(x � 1)(x �
1
2

)

-1

-0.5

0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3 3.5

l0(x)
l1(x)
l2(x)

Figure 3: The 3 Lagrangepolynomials for the exampleare shown. Verify, graphically, that
thesepolynomials have the property ` i (x j ) = � ij for the nodes1; 1

2 ; 3.

This gives the theorem

Theorem 21 (In terp olan t Existence). If x0; x1; : : : ; xn are distinct real values,then for
arbitrary real y0; y1; : : : ; yn values,there is somepolynomial, p(x) of degreeno greater than
n that interpolates the data, i.e., such that p(x i ) = yi for i = 0; 1; : : : ; n:

Existence (I I)

There is another way to prove existence. This method is also constructive, and leads to a
di�eren t algorithm for constructing the interpolant. One way to view this construction is to
imaginehow onewould update the Lagrangianform of an interpolant. That is, supposesome
data were given, and the interpolating polynomial calculated using LagrangePolynomials;
then a new point was given (xn+1 ; yn+1 ), and an interpolant for the augmented set of data
is to be found. Each LagrangePolynomial would have to be updated. This could take a lot
of calculation (especially if n is large).

So the alternative method constructs the polynomials iterativ ely. Thus we create poly-
nomials pk(x) such that pk(x i ) = yi for 0 � i � k: This is simple for k = 0; we simply
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p(x)

Figure 4: The interpolating polynomial for the example is shown.

let
p0(x) = y0;

the constant polynomial with value y0: Then assumewe have a proper pk (x) and want to
construct pk+1 (x): We claim that the following construction works:

pk+1 (x) = pk (x) + c(x � x0)(x � x1) � � � (x � xk );

for some constant c: Note that the second term will be zero for any x i for 0 � i � k;
so pk+1 (x) will interpolate the data at x0; x1; : : : ; xk : To get the value of the constant we
calculate c such that

yk+1 = pk+1 (xk+1 ) = pk (xk+1 ) + c(xk+1 � x0)(xk+1 � x1) � � � (xk+1 � xk ):

This construction is known asNewton's Algorithm, and the resultant form is Newton's form
of the interpolant

Example 22. Construct the polynomial interpolating the data

x 1 1
2 3

y 3 � 10 2

by using Newton's Algorithm.
We construct the polynomial iterativ ely:

p0(x) = 3

p1(x) = 3 + c(x � 1)

17



We want � 10 = p1( 1
2) = 3 + c(� 1

2); and thus c = 26: Then

p2(x) = 3 + 26(x � 1) + c(x � 1)(x �
1
2

)

We want 2 = p2(3) = 3 + 26(2) + c(2)( 5
2 ); and thus c = � 53

5 : Then we get

p2(x) = 3 + 26(x � 1) +
� 53

5
(x � 1)(x �

1
2

):

Uniqueness

DoesNewton's Algorithm give a di�eren t polynomial? It is easyto show, by induction, that
the degreeof pn (x) is no greater than n: Supposethat q(x); p(x) are two distinct polynomials
of degreeno greater than n that both interpolate a set of data. Let r (x) = p(x) � q(x):
Note that r (x) can have degreeno greater than n; yet it has roots at x 0; x1; : : : ; xn : The
only polynomial of degree< = n that has n + 1 distinct roots is the zero polynomial, i.e.,
0 � r (x) = p(x) � q(x):

Thus Newton's Algorithm and the Lagrange method give the same polynomial. Which
should we use?Newton's Algorithm seemsmore 
exible{it can deal with adding new data.
There also happensto be a way of storing Newton's form of the interpolant that makesthe
polynomial simple to evaluate (in the senseof number of calculations required).

Newton's Nested Form

Recall the iterativ e construction of Newton's Form:

pk+1 (x) = pk(x) + ck (x � x0)(x � x1) � � � (x � xk ):

The previous iterate pk(x) was constructed similarly, so we can write:

pk+1 (x) = [pk� 1(x) + ck� 1(x � x0)(x � x1) � � � (x � xk� 1)] + ck (x � x0)(x � x1) � � � (x � xk ):

Continuing in this way we seethat we can write

pn (x) =
nX

k=0

ck

2

4
Y

0� j <k

(x � x j )

3

5 ;

where an empty product hasvalue 1 by convention. This can be rewritten in a funny form,
where a monomial is factored out of each successive summand:

pn(x) = c0 + (x � x0)[c1 + (x � x1)[c2 + (x � x2) [: : :]]]

Supposing for an instant that the constants ck were known, this provides a better way of
calculating pn (t) at arbitrary t: By \b etter" we mean requiring few multiplications and
additions. This nestedcalculation is performed iterativ ely:

18



v0 = cn

v1 = cn� 1 + (t � xn� 1)v0

v2 = cn� 2 + (t � xn� 2)v1

...

vn = c0 + (t � x0)vn� 1

This requires only n multiplications and 2n additions. Compare this with the number
required for using the Lagrangeform: at least n2 additions and multiplications.

x4.1 Polynomial In terp olation (Con tin ued)

We consider a slight alteration of the problem of interpolation. Suppose we have some
function f (x) which we want to approximate by a polynomial p(x): We do this by �nding
the unique polynomial of degree� n that interpolates the data

x x0 x1 : : : xn

f (x) f (x0) f (x1) : : : f (xn )

where the nodesx i are distinct.

Divided Di�erences

Recall that using Newton's Algorithm we can write the polynomial p(x) as

pn (x) =
nX

k=0

ck

2

4
Y

0� j <k

(x � x j )

3

5

= c0 + (x � x0)[c1 + (x � x1)[c2 + (x � x2) [: : : [cn ]]]]:

Supposing for an instant that the constants ck were known, this provides a better way of
calculating pn (t) at arbitrary t: By \b etter" we mean requiring few multiplications and
additions. This nestedcalculation is performed iterativ ely:

v0 = cn

v1 = cn� 1 + (t � xn� 1)v0

v2 = cn� 2 + (t � xn� 2)v1

...

vn = c0 + (t � x0)vn� 1

This requires only n multiplications and 2n additions. Compare this with the number
required for using the Lagrangeform: at least n2 additions and multiplications.

19



It turns out that the coe�cien ts ck for Newton's nested form can be calculated relatively
easily. In fact, we can give them a new name:

ck = f [x0; x1; : : : ; xk ] :

This thing f [x0; x1; : : : ; xk ] is called a divided di�er ence of order k for f . We brie
y note
that the x i neednot be consecutive, and the divided di�erence is still de�ned. That is

f [x3; x17; x2]

is well de�ned (for n � 17.)

All you really needto know about divided di�erences I summarizehere:

1. The 0th order divided di�erences are simply de�ned:

f [x i ] = f (x i ):

2. The kth order divided di�erences are de�ned recursively:

f [x0; x1; : : : ; xk ] =
f [x1; x2; : : : ; xk ] � f [x0; x1; : : : ; xk� 1]

xk � x0

The graphical way to calculate these things is a \p yramid scheme"1, where you �ll in the
following table:

x f [ ] f [ ; ] f [ ; ; ]
x0 f [x0]

f [x0; x1]
x1 f [x1] f [x0; x1; x2]

f [x1; x2]
x2 f [x2]

We drag out our exampleone last time:

Example 23. Find the divided di�erences for the following data

x 1 1
2 3

f (x) 3 � 10 2

We have
x f [ ] f [ ; ] f [ ; ; ]
1 3

� 13
� 1

2
1
2 � 10 � 53

5
12
5=2

3 2

You should verify that along the top line of this pyramid you can read o� the coe�cien ts
for Newton's form, as found in the previous incarnation of this example. It works!

1That's supposedto be a joke.
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x4.2 Errors in Polynomial In terp olation

We now consider two questions:

1. If we want to interpolate somefunction f (x) at n + 1 nodesover someclosedinterval,
how should we pick the nodes?

2. How accurate can we make a polynomial interpolant over a closedinterval?

You may be surprised to �nd that the answer to the �rst question is not that we should
make the x i equally spacedover the closedinterval. In fact if we let

f (x) =
�
1 + x2� � 1

;

(known as the Runge Function), and let pn (x) interpolate f on n equally spacednodes,
including the endpoints, on [� 5; 5], then

lim
n!1

max
x2 [� 5;5]

jpn (x) � f (x)j = 1 :

It turns out that a much better choice is related to the ChebyshevPolynomials (\of the �rst
kind"). If our closedinterval is [� 1; 1], then we want to de�ne our nodesas

x i = cos
��

2i + 1
2n + 2

�
�

�
; 0 � i � n:

Note that this is di�eren t than what appearsin your book. This book is in error. If you do
not trust me, look at the �fth edition, or look at equation (9) of

http://mathworld.wolfram .com/ChebyshevPolyn omialof theFirs tKin d.ht ml

Literally interpreted, theseChebyshevNodes are the projections of points uniformly spaced
on a semi circle; seeFigure 5

bottomright

topleft

P
S

frag
replacem

ents

11�

Figure 5: The Chebyshevnodesare the projections of nodesequally spacedon a semicircle.

In terp olation Error Theorem

We did not just invent the Chebyshevnodes. The fact that they are \good" for interpolation
follows from the following theorem:
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Theorem 24 (In terp olation Error Theorem). Let p be the polynomial of degreeat
most n interpolating function f at the n + 1 distinct nodes x0; x1; : : : ; xn on [a;b]. Let
f (n+1) be continuous. Then for each x 2 [a;b] there is some� 2 [a;b] such that

f (x) � p(x) =
1

(n + 1)!
f (n+1) (� )

nY

i =0

(x � x i ) :

You should be thinking that the term on the right hand side resembles the error term in
Taylor's Theorem.

Proof. First considerwhen x is oneof the nodesx i ; in this caseboth the LHS and RHS are
zero. So assumex is not a node. Make the following de�nitions

w(t) =
nY

i =0

(t � x i ) ;

c =
f (x) � p(x)

w(x)
;

� (t) = f (t) � p(t) � cw(t):

Sincex is not a node, w(x) is nonzero. Now note that � (x i ) is zero for each node x i ; and
that by de�nition of c; that � (x) = 0 for our x: That is � (t) has n + 2 roots.

Someother facts: f ; p;w have n + 1 continuous derivatives, by assumption and de�nition;
thus � has this many continuous derivatives. Apply Rolle's Theorem to � (t) to �nd that
� 0(t) has n + 1 roots. Then apply Rolle's Theorem again to �nd � 00(t) has n roots. In this
way we seethat � (n+1) (t) has a root, call it � : That is

0 = � (n+1) (� ) = f (n+1) (� ) � p(n+1) (� ) � cw(n+1) (� ):

But p(t) is a polynomial of degree� n; so its n + 1th derivative is zero. And w(t) is a
polynomial of degreen + 1 in t, so its n + 1th derivative is easily seento be (n + 1)! Thus

0 = f (n+1) (� ) � c(n + 1)!

c(n + 1)! = f (n+1) (� )
f (x) � p(x)

w(x)
=

1
(n + 1)!

f (n+1) (� )

f (x) � p(x) =
1

(n + 1)!
f (n+1) (� )w(x);

which is what was to be proven.

x4.2 Errors in Polynomial In terp olation (Con tin ued)

Recall that we bounded the error in a polynomial interpolation as follows:
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f (x) � p(x) =
1

(n + 1)!
f (n+1) (� )

nY

i =0

(x � x i ) :

We have no control over the function f (x); its derivatives or the polynomial interpolant,
thus the only way we can insure that the error jf (x) � p(x)j is small is by judicious choice
of the nodesx i :

I'v e been advertising the Chebyshev nodes a bit; the Chebyshev nodes on [a;b] have the
remarkable property that �

�
�
�
�

nY

i =0

(t � x i )

�
�
�
�
�

� 2� n

for any t 2 [a;b] : Moreover, it can be shown that for any choice of nodesx i that

max
t2 [a;b]

�
�
�
�
�

nY

i =0

(t � x i )

�
�
�
�
�

� 2� n :

In this sensethe Chebyshev nodesare consideredthe best for polynomial interpolation.

Despite the proven superiorit y of Chebyshev Nodes, and the problems with the Runge
Function, equally spacednodesare frequently usedfor interpolation, sincethey are easyto
calculate. We now considerbounding

max
x2 [a;b]

nY

i =0

jx � x i j ;

where

x i = a + hi = a +
(b� a)

n
i; i = 0; 1; : : : ; n:

Start by picking an x: We can assumex is not one of the nodes,otherwise the product in
question is zero. Then x is betweensomex j ; x j +1 We can show that

jx � x j j jx � x j +1 j �
h2

4
:

by simple calculus.

Now we claim that jx � x i j � (j � i + 1) h for i < j; and jx � x i j � (i � j ) h for j + 1 < i:
Then

nY

i =0

jx � x i j �
h2

4

�
(j + 1)!hj � �

(n � j )!hn� j � 1�
:

Through useof mathemagic, we get an overall bound

nY

i =0

jx � x i j �
hn+1 n!

4
:
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Note: When I tried to prove this in class, I was a little bit lazy, and only proved that
k!l ! � (k + l)!. Al pointed out that this would give us a bound of only hn +1 (n+1)!

4 : However,
the slightly stronger statement is true, though it is ugly to prove. Seex4.2 problem number
3 in the textb ook if you do not believe me.

The interpolation theorem then givesus

f (x) � p(x) �
hn+1

4(n + 1)
f (n+1) (� ):

The reasonthis doesnot seemto apply to Runge'sFunction is that f (n) for Runge'sFunction
becomesunboundedas n ! 1 :

x4.3 Ric hardson Extrap olation

Supposewe have someblackbox function f (x) and we wish to calculate f 0(x) at somegiven
x. Not suprisingly, we start with Taylor's theorem:

f (x + h) = f (x) + f 0(x)h +
f 00(� )h2

2
:

Rearranging we get

f 0(x) =
f (x + h) � f (x)

h
�

f 00(� )h
2

:

Remember that � is betweenx and x + h; but its exact value is not known. Normally we
usefacts about f (�) (or rather, about f 00(�)) to bound f 00(� ). The approximation for f 0(x)
should remind you of the de�nition of f 0(x) as a limit.

We call the error term the truncation error. The truncation error is the error that you
acceptwhen you say \ f 0(x) is prett y much f (x+ h)� f (x)

h ." It hasnothing to do with the kind
of error that you get when you do calculations with a computer with limited precision;even
if you worked in in�nite precision, you would still have truncation error. Note also that if
you actually try to compute the approximate f 0(x) in this caseyou may loseprecision due
to subtractive cancellation, as f (x + h) is probably near f (x) for small h:

For this approximation, our truncation error is f 00(� )h
2 or, more loosely, O (h) : We may want

a more preciseapproximation. By now, you should know that any calculation starts with
Taylor's Theorem:

f (x + h) = f (x) + f 0(x)h +
f 00(x)

2
h2 +

f 000(� 1)
3!

h3

f (x � h) = f (x) � f 0(x)h +
f 00(x)

2
h2 �

f 000(� 2)
3!

h3

By subtracting thesetwo lines, we get

f (x + h) � f (x � h) = 2f 0(x)h +
f 000(� 1) + f 000(� 2)

3!
h3:
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Thus

2f 0(x)h = f (x + h) � f (x � h) �
f 000(� 1) + f 000(� 2)

3!
h3

f 0(x) =
f (x + h) � f (x � h)

2h
�

�
f 000(� 1) + f 000(� 2)

2

�
h2

6

If f 000(x) is continuous, then there is some� between� 1; � 2 such that f 000(� ) = f 000(� 1 )+ f 000(� 2 )
2 :

(This is the MVT at work.) Assuming someuniform bound on f 000(�); we get

f 0(x) =
f (x + h) � f (x � h)

2h
+ O

�
h2�

:

Impro ving Accuracy

This givesus a truncation error of O
�
h2

�
; which is better than O (h) : Can we do better?

(Alw ays ask yourself that) Let's de�ne

� (h) =
1

2h
[f (x + h) � f (x � h)] :

Had we expandedthe Taylor's Seriesfor f (x + h); f (x � h) to more terms we would have
seenthat

� (h) = f 0(x) + a2h2 + a4h4 + a6h6 + a8h8 + : : :

The constants ai are a function of f (i ) (x) only. (In fact, they should take the value of

2f ( i ) (x)
i ! .) What happensif we now calculate � (h=2)?

� (h=2) = f 0(x) +
1
4

a2h2 +
1
16

a4h4 +
1
64

a6h6 +
1

256
a8h8 + : : :

But we can combine this with � (h) to get better accuracy. We have to be a little tricky,
but we can get the O

�
h2

�
terms to cancel by taking the right multiples of these two

approximations:

� (h) � 4� (h=2) = � 3f 0(x) +
3
4

4h4 +
15
16

a6h6 +
63
64

a8h8 + : : :

4� (h=2) � � (h)
3

= f 0(x) �
1
4

4h4 �
5
16

a6h6 �
21
64

a8h8 + : : :

This approximation has a truncation error of O
�
h4

�
:

This technique of getting better approximations is known as the Richardson Extrapolation,
and canbe repeatedly applied. We will alsousethis technique later to get better quadrature
rules{that is, ways of approximating the de�nite integral of a function.

Abstracting Ric hardson's Metho d
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We now discussRichardson's Method in a more abstract framework. Supposeyou want to
calculate somequantit y L; and have found, through theory, someapproximation:

� (h) = L +
1X

k=1

a2kh2k :

Let

D (n; 0) = �
�

h
2n

�
:

Now de�ne

D(n; m) =
4m D(n; m � 1) � D (n � 1; m � 1)

4m � 1
:

We will be interested in calculating D(n; n) for somen: We will show that

D (n; n) = L + O
�

h2(n+1)
�

:

First we examine the recurrencefor D (n; m): As in divided di�erences, we use a pyramid
table:

D (0; 0)
D (1; 0) D (1; 1)
D (2; 0) D (2; 1) D (2; 2)

...
...

...
. . .

D (n; 0) D (n; 1) D (n; 2) � � � D (n; n)

By de�nition we know how to calculate the �rst column of this table; every other entry in
the table dependson two other entries, onedirectly to the left, and the other to the left and
up one space. Thus to calculate D(n; n) we have to compute this whole lower triangular
array.

x4.3 Ric hardson Extrap olation (Con tin ued)

Remember the setup: We have some function � (h) which is a O
�
h2

�
approximation for

somequantit y L :

� (h) = L +
1X

k=1

a2kh2k :

We let

D (n; 0) = �
�

h
2n

�
;

D (n; m) =
4m D(n; m � 1) � D (n � 1; m � 1)

4m � 1
:

We've seenhow to compute D(n; m) using a \triangular" construction.

We want to show that D (n; n) = L + O
�
h2(n+1)

�
; that is D (n; n) is a O

�
h2(n+1)

�
approxi-

mation to L . The following theorem gives this result:
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Theorem 25 (Ric hardson Extrap olation). There are constants ak;m such that

D (n; m) = L +
1X

k= m+1

ak;m

�
h
2n

� 2k

(0 � m � n) :

Proof. Our proof is by induction. By de�nition of D (n; 0); and our assumptionson � (h);
the relation obviously holds for any n and with m = 0:

Now, given some n; m assumethe relation to be proven holds for D (n � 1; m � 1); and
D(n; m � 1); we try to prove it for D (n; m): This should be simple:

D (n; m) =
4m D(n; m � 1) � D (n � 1; m � 1)

4m � 1

=
1

4m � 1

"

4m L + 4m
1X

k= m

ak;m� 1

�
h
2n

� 2k

� L �
1X

k= m

ak;m� 1

�
h

2n� 1

� 2k
#

;

=
1

4m � 1

"

(4m � 1) L + 4m am;m � 1

�
h
2n

� 2m

+ 4m
1X

k= m+1

ak;m� 1

�
h
2n

� 2k

= � am;m � 1

�
h

2n� 1

� 2m

�
1X

k= m+1

ak;m� 1

�
h

2n� 1

� 2k
#

;

= L +
1

4m � 1

"

4m
1X

k= m+1

ak;m� 1

�
h
2n

� 2k

�
1X

k= m+1

ak;m� 1

�
h

2n� 1

� 2k
#

;

= L +
1

4m � 1

"
1X

k= m+1

4m ak;m� 1

�
h
2n

� 2k

�
1X

k= m+1

ak;m� 122k
�

h
2n

� 2k
#

;

= L +
1X

k= m+1

4m ak;m� 1 � ak;m� 122k

4m � 1

�
h
2n

� 2k

;

D (n; m) = L +
1X

k= m+1

ak;m

�
h
2n

� 2k

:

For the properly de�ned ak;m :

Using Ric hardson Extrap olation

We now try out the technique on an exampleor two.

Example 26. Approximate the derivative of f (x) = logx at x = 1:
The real answer is f 0(1) = 1=1 = 1; but our computer doesn't know that. De�ne

� (h) =
1

2h
[f (1 + h) � f (1 � h)] =

log 1+ h
1� h

2h
:
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Let's use h = 0:1. We now try to �nd D(2; 2); which is supposedto be a O
�
h6

�
approxi-

mation to f 0(1) = 1:

nnm 0 1 2

0
log 1:1

0:9
0:2 � 1:003353477

1
log 1:05

0:95
0:1 � 1:000834586 � 0:999994954

2
log 1:025

0:975
0:05 � 1:000208411 � 0:999999686 � 1:000000002

This shows that the Richardsonmethod is prett y good. However, notice that for this simple
example,we have, already, that � (0:00001)� 0:999999999.

Example 27. Consider the ugly function:

f (x) = arctan(x):

Attempt to �nd f 0(
p

2): Recall that f 0(x) = 1
1+ x2 ; so the value that we are seekingis 1

3 .
Let's useh = 0:01. We now try to �nd D(2; 2); which is supposedto be a O

�
h6

�
approxi-

mation to 1
3 :

nnm 0 1 2

0:333339506181068
0:333334876543723 0:333333333331274
0:33333371913582 0:333333333333186 0:333333333333313
0:333333429783966 0:333333333333348 0:333333333333359 0:33333333333336

Note that we have somemotiviation to useRichardson's method in this case: If we let

� (h) =
1

2h

h
f (

p
2 + h) � f (

p
2 � h)

i
;

then making h small gives a good approximation to f 0
� p

2
�

until subtractive cancelling
takesover. The following table illustrates this:

h � (h)

1:0 0:392699081698724
0:1 0:333950696774319
0:01 0:333339506181068
0:001 0:333333395061697
0:0001 0:333333333950581

1 � 10� 5 0:333333333341068
1 � 10� 6 0:333333333324415
1 � 10� 7 0:333333333157881
1 � 10� 8 0:333333327606766
1 � 10� 9 0:333333360913457
1 � 10� 15 0:333066907387547
1 � 10� 16 0:0
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Notice that � (h) gives at most 10 decimal placesof accuracy, then begins to deteriorate;
We get 13 decimal placesfrom D(2; 2):

A Big Question

Many of the techniqueswe have looked at in the past few classeshave relied on someprett y
broad assumptionsabout the function f (x): we have assumedcontinuit y and boundedness
of derivatives. In classon Monday, Aaron asked whether there is any way of testing some
arbitrary black box function for these properties. I 
ailed about trying to answer the
question.

The sad fact is that there is no way of testing existenceof derivatives of a function f (x);
or of the continuit y or boundednessof those derivatives. Here's why:

Imagine somesubroutine that took a black box function f (x); tested it's value at a �nite
number of values, say x0; x1; : : : ; xn ; then declaresthat f (x) has k continuous derivatives,
and it's kth derivative is bounded by someconstant M k .

I claim, however, there is somefunction g(x) which happensto interpolate f (x) at x 0; x1; : : : ; xn ;
and which is not continuous, and thus has no derivatives. To construct g(x); let p(x) be
the unique polynomial of degree� n that interpolates f (x) at thesenodes. Then let

g(x) =
�

p(x) if x is a node x i ; or x is rational
p(x) + 1 otherwise

Our subroutine could not discern betweensomeblack box function f (x) which has contin-
uous derivatives,and the ugly function g(x) which is not continuous. We have to conclude
that such a subroutine doesnot exist.

Appro ximating the Second Deriv ativ e

Supposewe want to approximate the secondderivative of some blackbox function f (x).
Again, start with Taylor's Theorem:

f (x + h) = f (x) + f 0(x)h +
f 00(x)

2
h2 +

f 000(x)
3!

h3 +
f (4) (x)

4!
h4 + : : :

f (x � h) = f (x) � f 0(x)h +
f 00(x)

2
h2 �

f 000(x)
3!

h3 +
f (4) (x)

4!
h4 � : : :

Now add the two seriesto get

f (x + h) + f (x � h) = 2f (x) + h2f 00(x) + 2
f (4) (x)

4!
h4 + 2

f (6) (x)
6!

h6 + : : :

Then let

 (h) =
f (x + h) � 2f (x) + f (x � h)

h2 = f 00(x) + 2
f (4) (x)

4!
h2 + 2

f (6) (x)
6!

h4 + : : : ;

= f 00(x) +
1X

k=1

b2kh2k :
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Thus we can useRichardson Extrap olation on  (h) to get higher order approximations.
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