
x5.1 the De�nite In tegral

Often enoughthe numerical analyst is presented with the challengeof �nding the de�nite
integral of somefunction: Z b

a
f (x)dx:

In your goldenyearsof Calculus, you learned the Fundamental Theorem of Calculus, which
claims that if f (x) is continuous, and F (x) is an antiderivative of f (x); then

Z b

a
f (x)dx = F (b) � F (a):

What you might not havebeentold in Calculus is there aresomefunctions for which a closed
form antiderivative doesnot exist or at least is not known to humankind. Nevertheless,you
may �nd yourself in a situation where you have to evaluate an integral for just such an
integrand. An approximation will have to do.

Upp er and Lower Sums

We will review the de�nition of the Riemann integral of a function. A partition of an
interval [a;b] is somea �nite ordered collection of nodesx i :

a = x0 < x1 < x2 < � � � < xn = b:

Given such a partition, P; de�ne the upper and lower boundson each subinterval [x j ; x j +1 ]
as follows:

mi = inf f f (x) j x i � x � x i +1 g

M i = supf f (x) j x i � x � x i +1 g

Then for this function f and partition P; de�ne the upper and lower sums:

L (f ; P) =
n� 1X

i =0

mi (x i +1 � x i )

U(f ; P) =
n� 1X

i =0

M i (x i +1 � x i )

We can interpret the upper and lower sums graphically as the sums of areasof rectangles
de�ned by the function f and the partition P, as in Figure 1.

Notice a few things about the upper, lower sums:

(i) L (f ; P) � U(f ; P):
(ii) If we switch to a \b etter" partition (i.e., a �ner one), we expect that L (f ; �) increases

and U(f ; �) decreases.

The notion of integrabilit y familiar from Calculus class(that is Riemann Integrabilit y) is
de�ned in terms of the upper and lower sums.
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(b) The Upper Sum

Figure 1: The (a) lower, and (b) upper sums of a function on a given interval are shown.
These approximations to the integral are the sums of areas of rectangles. Note that the
lower sumsare an underestimate, and the upper sumsan overestimate of the integral.

De�nition 1. A function f is Riemann Integrable over interval [a;b] if

sup
P

L(f ; P) = inf
P

U(f ; P);

where the supremum and in�m um are over all partitions of the interval [a;b]. Moreover, in
casef (x) is integrable, we de�ne the integral

Z b

a
f (x)dx = inf

P
U(f ; P);

You may recall the following

Theorem 2. Every continuous function on a closed bounded interval of the real line is
Riemann Integrable (on that interval).

Continuit y is su�cien t, but not necessary. Consider the Heaviside function

f (x) =
�

0 x < 0
1 0 � x

This function is not continuous on any interval containing 0; but is Riemann Integrable on
every closedbounded interval.

Consider also the Dirichlet function :

f (x) =
�

0 x rational
1 x irrational
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For any partition P of any interval [a;b], we have L(f ; P) = 0; while U(f ; P) = 1; so

sup
P

L(f ; P) = 0 6= 1 = inf
P

U(f ; P);

so this function is not Riemann Integrable.

Appro ximating the In tegral

Oddly enough,this de�nition givesan easymethod of approximating an integral
Rb

a f (x)dx.
The method cuts the interval [a;b] into a partition of n equal subintervals x i = a + b� a

n ; for
i = 0; 1; : : : ; n: The algorithm then has to somehow �nd the supremum and in�m um of f (x)
on each interval [x i ; x i +1 ]. This is not feasibleon a generalblack box function. However, if
someinformation is known about the function, it becomeseasier.

Consider for example,using this method on somefunction f (x) which is monotone increas-
ing. In this case, the in�m um of f (x) on each interval occurs at the leftmost endpoint,
while the supremum occurs at the right hand endpoint. Thus for this partition, P; we have

L(f ; P) =
n� 1X

k=0

mi jxk+1 � xk j =
jb � aj

n

n� 1X

k=0

f (xk)

U(f ; P) =
n� 1X

k=0

M i jxk+1 � xk j =
jb� aj

n

n� 1X

k=0

f (xk+1 ) =
jb� aj

n

nX

k=1

f (xk)

We can easily estimate the error of this approximation. Because

L(f ; P) �
Z b

a
f (x)dx � U(f ; P);

we know that if we take the upper sum to be an approximation of our integral, then
�
�
�
�U(f ; P) �

Z b

a
f (x)dx

�
�
�
� � jU(f ; P) � L (f ; P)j =

jb� aj
n

[f (xn ) � f (x0)] =
jb� aj [f (b) � f (a)]

n

x5.2 Trap ezoid Rule

Recall the setting: we are trying to approximate the integral
Z b

a
f (x)dx;

for someunpleasant or black box function f (x); we cannot just �nd someantiderivative of
f (x) and usethe Fundamental Theorem of Calculus.

A Partition of an interval [a;b] is the ordered collection of n + 1 nodes

a = x0 < x1 < x2 < : : : < xn = b:

Most of the \rules" that we will useto approximate integrals usea partition of the interval;
we needonly describe how to approximate the integral over a single interval [x i ; x i +1 ].
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Trap ezoid Rule

The trap ezoid rule approximates the integral
Z x i +1

x i

f (x)dx

by the (signed) area of the trap ezoid through the points (x i ; f (x i )) ; (x i +1 ; f (x i +1 )) ; and
with one side the segment from x i to x i +1 : SeeFigure 2.
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Figure 2: The trap ezoid rule for approximating the integral is shown.

By old school math, we can �nd this signedarea easily. This gives the trap ezoid rule:
Z x i +1

x i

f (x)dx � (x i +1 � x i )
f (x i ) + f (x i +1 )

2
:

Then the integral over the entire interval is approximated by
Z b

a
f (x)dx =

n� 1X

i =0

Z x i +1

x i

f (x)dx �
1
2

n� 1X

i =0

(x i +1 � x i ) [f (x i ) + f (x i +1 )] :

This is a composite rule; that is, the rule is determined by applying the sameformula to
each subinterval of the partition.

In practice the partition often consistsof equally spacedpoints. Then x i +1 � x i = h = b� a
n :

The rule then becomes
Z b

a
f (x)dx �

h
2

n� 1X

i =0

[f (x i ) + f (x i +1 )] :

In your calculus class,you saw this in the lesscomprehensibleform:
Z b

a
f (x)dx � h

"
f (a) + f (b)

2
+

n� 1X

i =1

f (x i )

#

:
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Example 3. Approximate the integral
Z 2

0

1
1 + x2 dx

by a partition of equally spacedpoints, with n = 2:
We have h = 2� 0

2 = 1; and f (x0) = 1; f (x1) = 1
2 ; f (x2) = 1

5 : Then the TrapezoidRule gives
the value

1
2

[f (x0) + f (x1) + f (x1) + f (x2)] =
1
2

�
1 + 1 +

1
5

�
=

11
10

:

The actual value is arctan 2 � 1:107149; thus weour approximation is correct to two decimal
places.

Ho w Go od is the Trap ezoid Rule?

We consider the Trapezoid rule for partitions of equal subintervals. Let pi (x) be the poly-
nomial of degree� 1 that interpolates f (x) at x i ; x i +1 : Let

I i =
Z x i +1

x i

f (x)dx; Ti =
Z x i +1

x i

pi (x)dx = (x i +1 � x i )
pi (x i ) + pi (x i +1 )

2
=

h
2

(f (x i ) + f (x i +1 )) :

That's right: the trap ezoidal rule approximates the integral of f (x) over [x i ; x i +1 ] by the
integral of pi (x) over the sameinterval.

Now recall our theorem on polynomial interpolation error. For x 2 [x i ; x i +1 ] ; we have

f (x) � pi (x) =
1

(2)!
f (2) (� x ) (x � x i ) (x � x i +1 ) ;

for some� x 2 [x i ; x i +1 ] : Recall that � x dependson x: To make things simpler, call it � (x):

Now integrate:

I i � Ti =
Z x i +1

x i

f (x) � pi (x)dx =
1
2

Z x i +1

x i

f 00(� (x)) (x � x i ) (x � x i +1 ) dx:

We will now attack the integral on the right hand side. Recall the following theorem:

Theorem 4 (Mean Value Theorem for In tegrals). Suppose f is continuous, g is
Riemann Integrable and doesnot changesign on [�; � ]. Then there is some� 2 [�; � ] such
that Z �

�
f (x)g(x)dx = f (� )

Z �

�
g(x)dx:

We use this theorem on our integral. Note that (x � x i ) (x � x i +1 ) is nonpositive on the
interval of question, [x i ; x i +1 ]. We assumecontinuit y of f 00(x); and wave our hands to get
continuit y of f 00(� (x)) : Then we have

I i � Ti =
1
2

f 00(� )
Z x i +1

x i

(x � x i ) (x � x i +1 ) dx;
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for some� i 2 [x i ; x i +1 ]. By boring calculus and algebra, we �nd that

Z x i +1

x i

(x � x i ) (x � x i +1 ) dx = �
h3

6
:

This gives

I i � Ti = �
h3

12
f 00(� i );

for some� i 2 [x i ; x i +1 ].

We now sum over all subintervals to �nd the total error of the Trapezoid rule

E =
n� 1X

i =0

I i � Ti = �
h3

12

n� 1X

i =0

f 00(� i ) = �
(b� a) h2

12

"
1
n

n� 1X

i =0

f 00(� i )

#

:

On the far right we have an averagevalue, 1
n

P n� 1
i=0 f 00(� i ); which lies betweenthe least and

greatest valuesof f 00on the inteval [a;b], and thus by the IVT, there is some� which takes
this value. So

E = �
(b� a) h2

12
f 00(� )

This givesus the theorem:

Theorem 5 (Error of the Trap ezoid Rule). Let f 00(x) be continuouson [a;b]. Let T be
the value of the trap ezoid rule applied to f (x) on this interval with a partition of uniform
spacing,h; and let I =

Rb
a f (x)dx: Then there is some� 2 [a;b] such that

I � T = �
(b� a) h2

12
f 00(� ):

Note that this theorem tells us not only the magnitude of the error, but the sign as well.
Thus if, for example,f (x) is concave up and thus f 00is positive, then I � T will be negative,
i.e., the Trapezoid Rule givesan overestimate of the integral I : SeeFigure 3.

Using the Error Bound

Consider the following examples:

Example 6. How many intervals are required to approximate the integral

ln 2 = I =
Z 1

0

1
1 + x

dx

to within 1 � 10� 10?
We have f (x) = 1

1+ x ; thus f 0(x) = � 1
(1+ x)2 : And f 00(x) = 2

(1+ x)3 : Thus f 00(� ) is continuous
and bounded by 2 on [0; 1]. If we use n equal subintervals then the theorem tells us our
error will be

�
1 � 0

12

�
1 � 0

n

� 2

f 00(� ) = �
f 00(� )
12n2 :
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Figure 3: The trap ezoid rule is an overestimate for a function which is concave up, i.e., has
positive secondderivative.

To make this smaller than 1 � 10� 10, in absolute value, we needonly take

1
6n2 � 1 � 10� 10;

and son �
q

1
6 � 105 su�ces. Becausef 00(x) is positive on this interval, the TrapezoidRule

will be an overestimate.

x5.2 Trap ezoid Rule (con tin ued)

Recall the setting: we are trying to approximate the integral
Z b

a
f (x)dx;

for someunpleasant or black box function f (x); we cannot just �nd someantiderivative of
f (x) and usethe Fundamental Theorem of Calculus.

The TrapezoidRule approximation of the integral, for a partition with n equal subintervals
is
Z b

a
f (x)dx �

h
2

n� 1X

i =0

f (x i )+ f (x i +1 ) =
h
2

[f (x0) + f (x1) + f (x1) + f (x2) + : : : + f (xn� 1) + f (xn )] ;

where h = (b� a)=n: Remember the error theorem:

Theorem 7 (Error of the Trap ezoid Rule). Let f 00(x) be continuouson [a;b]. Let T be
the value of the trap ezoid rule applied to f (x) on this interval with a partition of uniform
spacing,h; and let I =

Rb
a f (x)dx: Then there is some� 2 [a;b] such that

I � T = �
(b� a) h2

12
f 00(� ):
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Using the Error Bound (again)

Consider the following examples:

Example 8. How many intervals are required to approximate the integral

Z 2

0
x3 � 1dx

to within 1 � 10� 6?
We have f (x) = x3 � 1; thus f 0(x) = 3x2; and f 00(x) = 6x. Thus f 00(� ) is continuous and
bounded by 12 on [0; 2]. If we use n equal subintervals then the Trapezoid Error theorem
tells us our error will be

�
2 � 0

12

�
2 � 0

n

� 2

f 00(� ) = �
2f 00(� )

3n2 :

To make this smaller than 1 � 10� 6, in absolute value, it su�ces to take

24
3n2 � 1 � 10� 6;

and son �
p

8� 103 su�ces. Becausef 00(x) is positive on this interval, the TrapezoidRule
will be an overestimate.

x5.3 Rom berg Algorithm

The error theorem tells us, approximately, that the error of the Trapezoid Rule approxi-
mation is O

�
h2

�
. If we halve h; our error is quartered. Sometimeswe want to do better

than this. We'll usethe sametrick that we did from Richardson extrapolation. In fact, the
forms are exactly the same.

Towards this end, suppose that f ; a;b are given. For a given n; we are going to use the
Trapezoid Rule on a partition of 2n equal subintervals of [a;b]. That is h = b� a

2n : Then
de�ne

� (n) =
1
2

b� a
2n

2n � 1X

i =0

f (x i ) + f (x i +1 )

=
b� a

2n

"
f (a)

2
+

f (b)
2

+
2n � 1X

i =1

f
�

a + i
b� a

2n

� #

:

The intervals used to calculate � (n + 1) are half the size of those for � (n): As mentioned
above, this meansthe error is one quarter.

It turns out that if we had doneour error theorem di�eren tly, we would have comeup with
the relation:

� (n) =
Z b

a
f (x)dx + a2h2

n + a4h4
n + a6h6

n + a8h8
n + : : : ;
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where hn = b� a
2n : The constants ai are a function of f (i )(x) only. This should look just like

what we did on October 13. (In fact, I am doing a lot of cutting and pasting here) What
happensif we now calculate � (n + 1)? We have

� (n + 1) =
Z b

a
f (x)dx + a2h2

n+1 + a4h4
n+1 + a6h6

n+1 + a8h8
n+1 + : : : ;

=
Z b

a
f (x)dx +

1
4

a2h2
n +

1
16

a4h4
n +

1
64

a6h6
n +

1
256

a8h8
n + : : : :

This happensbecausehn+1 = b� a
2n +1 = 1

2
b� a
2n = hn

2 : As with Richardon's method for approx-
imating derivatives,we now combine the right multiples of these:

� (n) � 4� (n + 1) = � 3
Z b

a
f (x)dx +

3
4

4h4
n +

15
16

a6h6
n +

63
64

a8h8
n + : : :

4� (n) � � (n + 1)
3

=
Z b

a
f (x)dx �

1
4

4h4
n �

5
16

a6h6
n �

21
64

a8h8
n + : : :

This approximation has a truncation error of O
�
h4

n

�
:

Like in Richardson's method, we can use this to get better and better approximations to
the integral. We do this by constructing a triangular array of approximations, each entry
depending on two others. Towards this end, we let

R(n; 0) = � (n);

then de�ne

R(n; m) =
4m R(n; m � 1) � R(n � 1; m � 1)

4m � 1
:

The familiar pyramid table then is:

R(0; 0)
R(1; 0) R(1; 1)
R(2; 0) R(2; 1) R(2; 2)

...
...

...
. . .

R(n; 0) R(n; 1) R(n; 2) � � � R(n; n)

Even though this is exactly the sameas Richardon's method, it has another name: this is
called the Romberg Algorithm.

Example 9. Approximating the integral
Z 2

0

1
1 + x2 dx

by Romberg's Algorithm, �nd R(1; 1):
The �rst column is calculated by the Trapezoid Rule. Successive columns are found by
combining members of previous columns. So we �rst calculate R(0; 0) and R(1; 0): These
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are fairly simple, the �rst is the Trapezoid Rule on a single subinterval, the secondis the
Trapezoid Rule on two subintervals. Then

R(0; 0) =
2 � 0

1
1
2

[f (0) + f (2)] =
6
5

;

R(1; 0) =
2 � 0

2
1
2

[f (0) + f (1) + f (1) + f (2)] =
11
10

:

Then, using Romberg's Algorithm we have

R(1; 1) =
4R(1; 0) � R(0; 0)

4 � 1
=

44
10 � 12

10

3
=

32
30

= 1:0�6:

At this point we are tempted to useRichardson's analysis. This would claim that R(n; n)

is a O
�

h2(n+1)
0

�
approximation to the integral. However, h0 = b � a; and need not be

smaller than 1: This is a bit di�eren t from Richardson's method, where the original h
is independently set before starting the triangular array; for Romberg's algorithm, h0 is
determined by a and b:

We can easily deal with this problem by picking somek such that b� a
2k is small enough,say

smaller than 1: Then calculating the following array:

R(k; 0)
R(k + 1; 0) R(k + 1; 1)
R(k + 2; 0) R(k + 2; 1) R(k + 2; 2)

...
...

...
. . .

R(k + n; 0) R(k + n; 1) R(k + n; 2) � � � R(k + n; n)

Quite often Romberg's Algorithm is used to compute columns of this array. Subtractive
cancellingor unboundedhigher derivativesof f (x) can make successive approximations less
accurate. For this reason, entries in ever rightward columns are usually not calculated,
rather lower entries in a single column are calculated instead. That is, the user calculates
the array:

R(k; 0)
R(k + 1; 0) R(k + 1; 1)
R(k + 2; 0) R(k + 2; 1) R(k + 2; 2)

...
...

...
. . .

R(k + n; 0) R(k + n; 1) R(k + n; 2) � � � R(k + n; n)
R(k + n + 1; 0) R(k + n + 1; 1) R(k + n + 1; 2) � � � R(k + n + 1; n)
R(k + n + 2; 0) R(k + n + 2; 1) R(k + n + 2; 2) � � � R(k + n + 2; n)
R(k + n + 3; 0) R(k + n + 3; 1) R(k + n + 3; 2) � � � R(k + n + 3; n)

...
...

...
...

Then R(k + n + l; n) makes a �ne approximation to the integral as l ! 1 : Usually n is
small, like 2 or 3:
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Recursiv e Trap ezoid Rule

It turns out there is an e�cien t way of calculating R(n + 1; 0) given R(n; 0); �rst notice
from the above example that

R(0; 0) =
b� a

1
1
2

[f (a) + f (b)] ;

R(1; 0) =
b� a

2
1
2

�
f (a) + f (

a + b
2

) + f (
a + b

2
) + f (b)

�
:

It would be best to calculate R(1; 0) without recalculating f (a) and f (b): It turns out this
is possible. Let hn = b� a

2n ; and recall that

R(n; 0) = � (n) = hn

"
f (a) + f (b)

2
+

2n � 1X

i =1

f (a + ih n )

#

:

Thus

R(n + 1; 0) = � (n + 1) = hn+1

2

4 f (a) + f (b)
2

+
2n +1 � 1X

i =1

f (a + ih n+1 )

3

5 ;

=
1
2

hn

"
f (a) + f (b)

2
+

2n � 1X

i =1

f (a + (2i � 1)hn+1 ) + f
�

a + (2i )
1
2

hn

� #

;

=
1
2

hn

"
f (a) + f (b)

2
+

2n � 1X

i =1

f (a + ih n ) +
2n � 1X

i =1

f (a + (2i � 1)hn+1 )

#

;

=
1
2

R(n; 0) + hn+1

2n � 1X

i =1

f (a + (2i � 1)hn+1 ) :

Then calculating R(n + 1; 0) requiresonly 2n � 1 additional evaluations of f (x); instead of
the 2n+1 + 1 usually required.

x5.5 Gaussian Quadrature

The word quadrature refers to a method of approximating the integral of a function as the
linear combination of the function at certain points, i.e.,

Z b

a
f (x)dx � A0f (x0) + A1f (x1) + : : : An f (xn );

for somecollection of nodes f x i g
n
i=0 , and weights f A i g

n
i=0 . Normally one �nds the nodes

and weights in a table somewhere;we expect a quadrature rule with more nodesto be more
accurate in somesense{thetradeo� is in the number of evaluations of f (�): We will examine
how theserules are created.

Determining Co e�cien ts
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Supposethat the nodesf x i g
n
i=0 are given. An easyway to �nd \good" coe�cien ts f A i g

n
i =0

for thesenodesis to rig them sothe quadrature rule givesthe integral of p(x); the polynomial
which interpolates f (x) on thesenodes. Recall

p(x) =
nX

i =0

f (x i )` i (x);

where ` i (x) is the i th Lagrangepolynomial. Thus our rigged approximation is the one that
gives

Z b

a
f (x)dx �

Z b

a
p(x)dx =

nX

i =0

f (x i )
Z b

a
` i (x)dx:

If we let

A i =
Z b

a
` i (x)dx;

then we have a quadrature rule.

If f (x) is a polynomial of degree� n then f (x) = p(x); and the quadrature rule is exact.

Example 10. Construct a quadrature rule on the interval [0; 4] using nodes0; 1; 2:
The nodesare given, we determine the coe�cien ts by constructing the LagrangePolynomi-
als, and integrating them.

`0(x) =
(x � 1)(x � 2)
(0 � 1)(0 � 2)

=
1
2

(x � 1)(x � 2);

`1(x) =
(x � 0)(x � 2)
(1 � 0)(1 � 2)

= � (x)(x � 2);

`2(x) =
(x � 0)(x � 1)
(2 � 0)(2 � 1)

=
1
2

(x)(x � 1):

Then the coe�cien ts are

A0 =
Z 4

0
`0(x)dx =

Z 4

0

1
2

(x � 1)(x � 2)dx =
8
3

;

A1 =
Z 4

0
`1(x)dx =

Z 4

0
� (x)(x � 2)dx = �

16
3

;

A2 =
Z 4

0
`2(x)dx =

Z 4

0

1
2

(x)(x � 1)dx =
20
3

:

Thus our quadrature rule is
Z 4

0
f (x)dx �

8
3

f (0) �
16
3

f (1) +
20
3

f (2):

We expect this rule to be exact for a quadratic function f (x): To illustrate this, let f (x) =
x2 + 1: By calculus we have

Z 4

0
x2 + 1dx =

1
3

x3 + x
�
�
�
�

4

0
=

64
3

+ 4 =
76
3

:

12



The approximation is

Z 4

0
x2 + 1dx �

8
3

[0 + 1] �
16
3

[1 + 1] +
20
3

[4 + 1] =
76
3

:

Gaussian No des

It would seemthis is the best we can do: using n + 1 nodes we can devise a quadrature
rule that is exact for polynomials of degree� n by calculating the coe�cien ts from the
Lagrange Polynomials. It turns out that by choosing the nodes in the right way, we can
do far better. Gaussdiscovered that the right nodes to chooseare the n + 1 roots of the
(nontrivial) polynomial, q(x); of degreen + 1 which has the property

Z b

a
xkq(x)dx = 0 (0 � k � n) :

(If you view the integral as an inner product, you could say that q(x) is orthogonal to the
polynomials xk in the resultant inner product space,but that's just fancy talk.)

Supposethat we have such a q(x){w e will not prove existenceor uniqueness.Let f (x) be
a polynomial of degree� 2n + 1: We write

f (x) = p(x)q(x) + r (x):

Both p(x); r (x) are of degree� n: Becauseof how we picked q(x) we have

Z b

a
p(x)q(x)dx = 0:

Thus Z b

a
f (x)dx =

Z b

a
p(x)q(x)dx +

Z b

a
r (x)dx =

Z b

a
r (x)dx:

Now supposethat the A i are chosenby Lagrange Polynomials so the quadrature rule on
the nodesx i is exact for polynomials of degree� n: Then

nX

i =0

A i f (x i ) =
nX

i =0

A i [p(x i )q(x i ) + r (x i )]
nX

i =0

A i r (x i ):

The last equality holds becuasethe x i are the roots of q(x): Becauseof how the A i are
chosenwe then have

nX

i =0

A i f (x i ) =
nX

i =0

A i r (x i ) =
Z b

a
r (x)dx =

Z b

a
f (x)dx:

Thus this rule is exact for f (x): We have (or rather, Gausshas) made quadrature twice as
good.

13



Theorem 11 (Gaussian Quadrature Theorem). Let x i be the n + 1 roots of a (non-
trivial) polynomial, q(x); of degreen + 1 which has the property

Z b

a
xkq(x)dx = 0 (0 � k � n) :

Let A i be the coe�cien ts for thesenodeschosenby integrating the LagrangePolynomials.
Then the quadrature rule for this choice of nodesand coe�cien ts is exact for polynomials
of degree� 2n + 1:

Determining Gaussian No des

We can determine the Gaussian nodes in the same way we determine coe�cien ts. The
example is illustrativ e

Example 12. Construct the two Gaussiannodesfor a quadrature rule on the interval [0; 2].
The function q(x) is of degree2; and should beorthogonal to 1; x: Let q(x) = c0+ c1x + c2x2:
Then we want Z 2

0
1q(x)dx =

Z 2

0
xq(x)dx = 0

So we want Z 2

0
c0 + c1x + c2x2dx =

Z 2

0
c0x + c1x2 + c2x3dx = 0

We �nd that we have to solve the equations

2c0 + 2c1 +
8
3

c2 = 0;

2c0 +
8
3

c1 + 4c2 = 0:

In later sectionswe will seehow to solve equations of this kind. For now, we \guess" the
answer c0 = 2; c1 = � 6; c2 = 3:

Then our nodesare the roots of q(x) = 2 � 6x + 3x2: That is the roots

6 �
p

36� 24
6

= 1 �
2
p

3
3

:

These nodesare a bit ugly. Rather than construct the Lagrange Polynomials, we will use
the method of undetermined coe�cients . Remember, we want to construct A 0; A1 such that

Z 2

0
f (x)dx � A0f (1 �

2
p

3
3

) + A1f (1 +
2
p

3
3

)

is exact for polynomial f (x) of degree� 1: It su�ces to make this approximation exact for
the \building blocks" of such polynomials, that is, for the functions 1 and x: That is, it
su�ces to �nd A0; A1 such that

Z 2

0
1dx = A0 + A1

Z 2

0
xdx = A0(1 �

p
3

3
) + A1(1 +

p
3

3
)

14



This gives the equations

2 = A0 + A1

2 = A0(1 �

p
3

3
) + A1(1 +

p
3

3
)

This is solved by A0 = A1 = 1:

Thus our quadrature rule is

Z 2

0
f (x)dx � f (1 �

p
3

3
) + f (1 +

p
3

3
) :

We expect this rule to be exact for cubic polynomials. You should try this with f (x) = x 3:

Rein venting the Wheel

While it is good to know the theory, it doesn't make sensein practice to recompute these
things all the time. There are books full of quadrature rules; your textb ook even lists a few.
On �rst inspection, it would seemyou would have to have a di�eren t rule for each interval
[a;b]. This is not the case,as we shall see,and the rules in the book are normally for the
interval [� 1; 1].

If you need to approximate the integral of f (x) over [a;b], and have a good rule for the
interval [� 1; 1], consider the substitution:

x =
b� a

2
t +

b+ a
2

; so dx =
b� a

2
dt:

Then Z b

a
f (x)dx =

Z 1

� 1
f

�
b� a

2
t +

b+ a
2

�
b� a

2
dt:

Letting

g(t) =
b� a

2
f

�
b� a

2
t +

b+ a
2

�
;

then if f (x) is a polynomial, g(t) is a polynomial of the samedegree.We can then usethe
[� 1; 1] quadrature rule on g(t):

x6.1 na•�ve Gaussian Elimination

Our goal is the automatic solution of systemsof linear equations:

a11x1 + a12x2 + a13x3 + � � � + a1nxn = b1

a21x1 + a22x2 + a23x3 + � � � + a2nxn = b2

a31x1 + a32x2 + a33x3 + � � � + a3nxn = b3
...

...
...

. . .
...

...
an1x1 + an2x2 + an3x3 + � � � + ann xn = bn

15



In theseequations, the aij and bi are given real numbers. We also write this as

Ax = b;

where A is a matrix, whoseelement in the i th row and j th column is aij ; and b is a column
vector, whosei th entry is bi :

This gives the easierway of writing this equation:
2

6
6
6
6
6
4

a11 a12 a13 � � � a1n

a21 a22 a23 � � � a2n

a31 a32 a33 � � � a3n
...

...
...

. . .
...

an1 an2 an3 � � � ann

3

7
7
7
7
7
5

2

6
6
6
6
6
4

x1

x2

x3
...

xn

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

b1

b2

b3
...

bn

3

7
7
7
7
7
5

(1)

Elemen tary Row Op erations

You may remember that one way to solve linear equations is by applying elementary row
operations to a given equation of the system. For example, if we are trying to solve the
given system of equations, they should have the samesolution as the following system:

2

6
6
6
6
6
6
6
6
6
6
4

a11 a12 a13 � � � a1n

a21 a22 a23 � � � a2n

a31 a32 a33 � � � a3n
...

...
...

. . .
...

�a i 1 �a i 2 �a i 3 � � � �a in
...

...
...

. . .
...

an1 an2 an3 � � � ann

3

7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
4

x1

x2

x3
...

x i
...

xn

3

7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
4

b1

b2

b3
...

�b i
...

bn

3

7
7
7
7
7
7
7
7
7
7
5

where � is somegiven number which is not zero. It su�ces to solve this system of linear
equations, as it has the samesolution(s) as our original system. Multiplying a row of the
system by a nonzeroconstant is one of the elementary row operations.

The secondelemetary row operation is to replace a row by the sum of that row and a
constant times another. Thus, for example, the following systemof equationshas the same
solution as the original system:

2

6
6
6
6
6
6
6
6
6
6
6
6
4

a11 a12 a13 � � � a1n

a21 a22 a23 � � � a2n

a31 a32 a33 � � � a3n
...

...
...

. . .
...

a(i � 1)1 a(i � 1)2 a(i � 1)3 � � � a(i � 1)n
ai 1 + � aj 1 ai 2 + � aj 2 ai 3 + � aj 3 � � � ain + � aj n

...
...

...
. . .

...
an1 an2 an3 � � � ann

3

7
7
7
7
7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
6
6
6
4

x1

x2

x3
...

x(i � 1)
x i
...

xn

3

7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
4

b1

b2

b3
...

b(i � 1)
bi + � bj

...
bn

3

7
7
7
7
7
7
7
7
7
7
7
7
5
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We have replacedthe i th row by the i th row plus � times the the j th row.

The third elementary row operation is to switch rows:
2

6
6
6
6
6
4

a11 a12 a13 � � � a1n

a31 a32 a33 � � � a3n

a21 a22 a23 � � � a2n
...

...
...

. . .
...

an1 an2 an3 � � � ann

3

7
7
7
7
7
5

2

6
6
6
6
6
4

x1

x2

x3
...

xn

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

b1

b3

b2
...

bn

3

7
7
7
7
7
5

We have here switched the secondand third rows. The purposeof this e.r.o. is mainly to
make things look nice.

Note that noneof the e.r.o.'s changethe structure of the solution vector x . For this reason,
it is customary to drop the solution vector entirely and to write the matrix A and the vector
b together in augmented form:

0

B
B
B
B
B
@

a11 a12 a13 � � � a1n b1

a21 a22 a23 � � � a2n b2

a31 a32 a33 � � � a3n b3
...

...
...

. . .
...

an1 an2 an3 � � � ann bn

1

C
C
C
C
C
A

The idea of GaussianElimination is to use the elementary row operations to put a system
into upper triangular form then useback substitution. We'll give an examplehere:

Example 13. Solve the set of linear equations:

x1 + x2 � x3 = 2

2x1 � x2 + 3x3 = 5

3x1 + 2x2 � 2x3 = 5

We start by rewriting in the augmented form:
0

@
1 1 � 1 2
2 � 1 3 5
3 2 � 2 5

1

A

We add � 2 times the �rst row to the second,and � 3 times the �rst row to the third to get:
0

@
1 1 � 1 2
0 � 3 5 1
0 � 1 1 � 1

1

A

We now add � 3 times the third row to the secondrow to get:
0

@
1 1 � 1 2
0 0 2 4
0 � 1 1 � 1

1

A
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(We did it this way to avoid getting fractions.) Then we interchangethe last two rows:
0

@
1 1 � 1 2
0 � 1 1 � 1
0 0 2 4

1

A

The matrix is now in upper triangular form: there areno nonzeroentries below the diagonal.
This corresponds to the set of equations:

x1 + x2 � x3 = 2

� x2 + x3 = � 1

2x3 = 4

We now solve this by back substition. Becausethe matrix is in upper triangular form,
we can solve x3 by looking only at the last equation; namely x3 = 2: However, once x3

is known, the secondequation involves only one unknown, x2; and can be solved only by
x2 = 3: Then the �rst equation has only one unknown, and is solved by x 1 = 1:

All sorts of funny things can happen when you attempt GaussianElimination: it may turn
out that your system has no solution, or has a single solution (as above), or an in�nite
number of solutions. We should expect that an algorithm for automatic solution of systems
of equationsshould detect theseproblems.

Algorithm Terminology

The method outlined above is �ne for solving small systems. We should like to devisean
algorithm for doing the samething which can be applied to large systemsof equations. The
algorithm will take the system(in augmented form):

0

B
B
B
B
B
@

a11 a12 a13 � � � a1n b1

a21 a22 a23 � � � a2n b2

a31 a32 a33 � � � a3n b3
...

...
...

. . .
...

an1 an2 an3 � � � ann bn

1

C
C
C
C
C
A

The algorithm then selectsthe �rst row as the pivot equation or pivot row, and the �rst
element of the �rst row, a11 is the pivot element. The algorithm then pivots on the pivot
element to get the system:

0

B
B
B
B
B
@

a11 a12 a13 � � � a1n b1

0 a0
22 a0

23 � � � a0
2n b0

2
0 a0

32 a0
33 � � � a0

3n b0
3

...
...

...
. . .

...
0 a0

n2 a0
n3 � � � a0

nn b0
n

1

C
C
C
C
C
A

Where

a0
ij = aij �

�
ai 1
a11

�
a1j

b0
i = bi �

�
ai 1
a11

�
b1

9
=

;
(2 � i � n; 1 � j � n)
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E�ectiv ely we are carrying out the e.r.o. of replacing the i th row by the i th row minus
�

ai 1
a11

�

times the �rst row. The quantit y
�

ai 1
a11

�
is the multiplier for the i th row.

Hereafter the algorithm will not alter the �rst row or �rst column of the system. Thus, the
algorithm could be written recursively. By pivoting on the secondrow, the algorithm then
generatesthe system:

0

B
B
B
B
B
@

a11 a12 a13 � � � a1n b1

0 a0
22 a0

23 � � � a0
2n b0

2
0 0 a00

33 � � � a00
3n b00

3
...

...
...

. . .
...

0 0 a00
n3 � � � a00

nn b00
n

1

C
C
C
C
C
A

In this case

a00
ij = a0

ij �
�

a0
i 2

a0
22

�
a0

2j

b00
i = b0

i �
�

a0
i 2

a0
22

�
b0

2

9
=

;
(3 � i � n; 1 � j � n)

Algorithm Problems

This chapter is called na•�ve GaussianElimination becausea real algorithm is a bit more
complicated. The algorithm we have outlined is far too rigid{it always choosesto pivot on
the kth row during the k th step. This would be bad if the pivot element were zero; in this
caseall the multipliers aik

ak k
are not de�ned.

Bad things canhappenif akk is merely small insteadof zero. Considerthe following example:

Example 14. Solve the systemof equationsgiven by the augmented form:
�

0:0003 1:566 1:569
0:3454 � 2:436 1:018

�

Note that the exact solution of this system is x1 = 10; x2 = 1: Suppose,however, that the
algorithm usesonly 4 signi�cant �gures for its calculations. The algorithm, na•�vely, pivots
on the �rst equation. The multiplier for the secondrow is

0:3454
0:0003

= 1151:3�3;

which will be rounded to 1151by the algorithm.

The secondentry in the matrix is replacedby

� 2:436� (1151)(1:566) = � 2:436� 1802= � 1804;

where the arithmetic is rounded to four signi�cant �gures each time. Similarly, the second
vector entry becomes:

1:018� (1151)(1:569) = 1:018� 1806= � 1805;
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so the system is in the form
�

0:0003 1:566 1:569
0 � 1804 � 1805

�

When the algorithm attempts back substitution, the value

x2 =
� 1805
� 1804

� 1:0000554324

is rounded to 1:001. This is not so far o�. However, it now computes

x1 = (1:569� 1:566� 1:001)=0:0003= (1:569� 1:568)=0:0003= (0:001)=0:0003= 3:3�3;

which the computer rounds to 3:333. This is far from the right answer. Looks like there
was somesubtractive cancelling in the last part which made things bad.

A Lame OpCoun t

At this point in the classit becameobvious that the four pagesof material I had prepared
did not equal 50 minutes of class time. The problem is that much of these four pages
consist of matrices, which take up a lot of space.So I tried to analyze the operation count
for GaussianElimination. Seemslike a simple enoughexercise,right?

We considerhow many operations are required to reduce
0

B
B
B
B
B
@

a11 a12 a13 � � � a1n b1

a21 a22 a23 � � � a2n b2

a31 a32 a33 � � � a3n b3
...

...
...

. . .
...

an1 an2 an3 � � � ann bn

1

C
C
C
C
C
A

to
0

B
B
B
B
B
@

a11 a12 a13 � � � a1n b1

0 a0
22 a0

23 � � � a0
2n b0

2
0 a0

32 a0
33 � � � a0

3n b0
3

...
...

...
. . .

...
0 a0

n2 a0
n3 � � � a0

nn b0
n

1

C
C
C
C
C
A

First o�, you compute the multiplier for each row. Then in each row you do n multiplies
and n adds. This givesa total of (n � 1) + (n � 1)n multiplies (counting in the computing
of the multiplier in each of the (n � 1) rows) and (n � 1)n adds. In total this is at least n2

and lessthan 2n2 operations.

Consider that we have to do this recursively on the lower right subsystem, which is an
(n � 1) by (n � 1) system. Thus we perform fewer than 2(n � 1)2 operations. In total, then,
we usearound

2
�
12 + 22 + : : : + (n � 1)2 + n2�
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operations. At this point, things really get goofy becauseI am obviously not prepared and
have forgotten the exact form of the answer to this one. My secondguess,however, is the
correct one, i.e., that this seriesis

2
1
6

(n)(n + 1)(2n + 1);

sowe perform fewer than 2n3

3 operations, fewer than the n3 that I quoted for matrix inverse,
but only by a constant. So GaussianElimination is not so great.

Administrativ e Shift

The textb ook doesan excellent job of describing things in greater detail than can be pre-
sented in class. I have come to the conclusion that there is little value in rewriting the
textb ook for thesenotes, and should instead concentrate on getting the main points down.
Becausemy notes in the past have been so `talky,' often I forget to write things on the
board in class. What goes on the board in class should be the main points of the topic
at hand{students never write down what you say, they write down what you write on the
board. I want to spend more time presenting the right things in class,and on the board,
and less time making these notes fully independent. Pleaselet me know if this presents
a major problem. For those that attend the class over the internet, pleaserefer to the
textb ook when thesenotes make no sense.thanks.

x6.2 Smart Gaussian Elimination

GaussianElimination can fail when performed in the wrong order. If the algorithm selects
a zero pivot, the multipliers are unde�ned, which is no good. We also saw that a pivot
small in magnitude can causefailure. As here:

�
�x 1 + x2 = 1
x1 + x2 = 2

The Naive Algorithm solves this as

x1 =
2 � 1

�

1 � 1
�

= 1 �
�

1 � �

x2 =
1 � x2

�
=

1
1 � �

If � is very small, then 1
� is enormouscomparedto both 1 and 2: With poor rounding, the

algorithm solvesx2 as 1: Then it solvesx1 = 0:

The real solution is actually a bit di�eren t. Supposethe algorithm changed the order of
the equations, then solved:

�
x1 + x2 = 2

�x 1 + x2 = 1

The Algorithm solves this as

x2 =
1 � 2�
1 � �

x1 = 2 � x2
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There's no problem with rounding here.

The problem is not the small entry per se: Suppose we use an e.r.o. to scale the �rst
equation, then usena•�ve G.E.:

�
x1 + 1

� x2 = 1
�

x1 + x2 = 2

This is still solved as

x1 =
2 � 1

�

1 � 1
�

x2 =
1 � x2

�
;

and rounding is a problem.

Scaled Partial Piv oting

The na•�ve G.E. algorithm usesthe rows 1, 2, . . . , n-1 in order aspivot equations. As shown
above, this can causeerrors. Better is to pivot �rst on row ` 1; then row `2; etc, until �nally
pivoting on row `n� 1; for somepermutation f ` i g

n
i=1 of the integers1, 2, . . . , n. The strategy

of scaled partial pivoting is to compute this permutation so that G.E. works well.

In light of our example, we want to pivot on an element which is not small compared to
other elements in its row. So our algorithm �rst determines \smallness" by calculating a
scale,row-wise:

si = max
1� j � n

jaij j :

The scalesare only computed once.

Then the �rst pivot, `1, is chosento be the i such that

jai; 1j
si

is maximized. The algorithm pivots on row `1; producing a bunch of zeros in the �rst
column. Note that the algorithm should not rearrange the matrix{this takes too much
work.

The secondpivot, `2, is chosento be the i such that

jai; 2j
si

is maximized, but without choosing `2 = `1: The algorithm pivots on row `2; producing a
bunch of zerosin the secondcolumn.

In the kth step `k is chosento be the i not among `1; `2; : : : ; `k� 1 such that

jai;k j
si
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is maximized. The algorithm pivots on row ` k ; producing a bunch of zerosin the k th column.

The slick way to implement this is to �rst set ` i = i for i = 1; 2; : : : ; n: Then rearrangethis
vector in a kind of \bubble sort": when you �nd the index that should be ` 1; swap them,
i.e., �nd the j such that ` j should be the �rst pivot and switch the valuesof ` 1; ` j :

Then at the kth step, search only those indices in the tail of this vector: i.e., only among
` j for k � j � n; and perform a swap.

An Example

We present an exampleof using scaledpartial pivoting with G.E. It's hard to comeup with
an examplewherethe numbersdo not comeout asugly fractions. We'll look at a homework
question. The book shows another exampleproblem.

0

B
B
@

2 � 1 3 7 15
4 4 0 7 11
2 1 1 3 7
6 5 4 17 31

1

C
C
A

The scalesare as follows: s1 = 7; s2 = 7; s3 = 3; s4 = 17:

We pick `1: It should be the index which maximizes jai 1j =si : Thesevaluesare:

2
7

;
4
7

;
2
3

;
6
17

:

We pick `1 = 3; and pivot:

0

B
B
@

0 � 2 2 4 8
0 2 � 2 1 � 3
2 1 1 3 7
0 2 1 8 10

1

C
C
A

We pick `2: It should not be 3; and should be the index which maximizes jai 2j =si : These
valuesare:

2
7

;
2
7

;
2
17

:

We have a tie. In this casewe pick the secondrow, i.e., ` 2 = 2: We pivot:

0

B
B
@

0 0 0 5 5
0 2 � 2 1 � 3
2 1 1 3 7
0 0 3 7 13

1

C
C
A
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The matrix is in permuted upper triangular form. We could proceed,but would get a zero
multiplier, and no changeswould occur.

If we did proceedwe would have `3 = 4: Then `4 = 1: Our row permutation is 3; 2; 4; 1:
When we do back substitution, we work in this order reversed on the rows, solving x 4; then
x3; x2; x1:

We get x4 = 1; so

x3 =
1
3

(13 � 7 � 1) = 2

x2 =
1
2

(� 3 � 1 � 1 + 2 � 2) = 0

x1 =
1
2

(7 � 3 � 1 � 1 � 2 � 1 � 0) = 1

Another Example and A Real Algorithm

Sometimeswe want to solve
Ax = b

for a number of di�eren t vectors b. It turns out we can run G.E. on the matrix A alone
and come up with all the multipliers, which can then be used multiple times on di�eren t
vectors b. We illustrate with an example:

M0 =

0

B
B
@

1 3 2 1
4 2 1 2
2 1 2 3
1 2 4 1

1

C
C
A ; ` =

2

6
6
4

1
2
3
4

3

7
7
5 :

The scalevector is s =
�

3 4 3 4
� >

.

Our scalechoicesare 1
3 ; 4

4 ; 2
3 ; 1

4 : We choose`1 = 2; and swap `1; `2: In the placeswhere there
would be zerosin the real matrix, we will put the multipliers. We will illustrate them here
boxed:

M1 =

0

B
B
B
B
B
B
B
B
B
@

�
1
4

5
2

7
4

1
2

4 2 1 2

�
1
2

0 3
2 2

�
1
4

3
2

15
4

1
2

1

C
C
C
C
C
C
C
C
C
A

; ` =

2

6
6
4

2
1
3
4

3

7
7
5 :
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Our scalechoicesare 5
6 ; 0

3 ; 3
8 : We choose`2 = 1; and no swap is needed:

M2 =

0

B
B
B
B
B
B
B
B
B
@

�
1
4

5
2

7
4

1
2

4 2 1 2

�
1
2

0 3
2 2

�
1
4

�
3
5

27
10

1
5

1

C
C
C
C
C
C
C
C
C
A

; ` =

2

6
6
4

2
1
3
4

3

7
7
5 :

Our scalechoicesare 1
2 ; 27

40: We choose`3 = 4; and so swap `3; `4:

M3 =

0

B
B
B
B
B
B
B
B
B
@

�
1
4

5
2

7
4

1
2

4 2 1 2

�
1
2

0 �
5
9

17
9

�
1
4

�
3
5

27
10

1
5

1

C
C
C
C
C
C
C
C
C
A

; ` =

2

6
6
4

2
1
4
3

3

7
7
5 :

Now supposewe had to solve the linear systemfor b =
�

1 8 2 � 1
� >

.

We scaleb by the multipliers in order: `1 = 2; so, we sweepthrough the �rst column of M3,
picking o� the boxed numbers (your computer doesn't really have boxed variables), and
scaling b appropriately: 2

6
6
4

1
8
2

� 1

3

7
7
5 )

2

6
6
4

� 1
1

� 2
� 3

3

7
7
5

This continues: 2

6
6
4

� 1
1

� 2
� 3

3

7
7
5 )

2

6
6
4

� 1
1

� 2
� 12

5

3

7
7
5 )

2

6
6
4

� 1
1

� 2
3

� 12
5

3

7
7
5

We then perform a permuted backwards substitution:

x4 =
� 2
3

9
17

=
� 6
17

x3 =
10
27

�
�

12
5

�
1
5

� 6
17

�
= : : :

x2 =
2
5

�
� 1 �

1
2

� 6
17

�
7
4

x3

�
= : : :

x1 =
1
4

�
1 � 2

� 6
17

� x3 � 2x2

�
= : : :
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Fill in your own valueshere.

x6.4 LU Factorization

We examinedG.E. to solve the system

Ax = b;

where A is a matrix:

A =

2

6
6
6
6
6
4

a11 a12 a13 � � � a1n

a21 a22 a23 � � � a2n

a31 a32 a33 � � � a3n
...

...
...

. . .
...

an1 an2 an3 � � � ann

3

7
7
7
7
7
5

:

We want to show that G.E. actually factors A into lower and upper triangular parts, that
is A = LU; where

L =

2

6
6
6
6
6
4

1 0 0 � � � 0
`21 1 0 � � � 0
`31 `32 1 � � � 0
...

...
...

. . .
...

`n1 `n2 `n3 � � � 1

3

7
7
7
7
7
5

; U =

2

6
6
6
6
6
4

u11 u12 u13 � � � u1n

0 u22 u23 � � � u2n

0 0 u33 � � � u3n
...

...
...

. . .
...

0 0 0 � � � unn

3

7
7
7
7
7
5

:

We call this a LU Factorization of A.

An Example

We considersolution of the following augmented form:
0

B
B
@

2 1 1 3 7
4 4 0 7 11
6 5 4 17 31
2 � 1 0 7 15

1

C
C
A (2)

The na•�ve G.E. reducesthis to
0

B
B
@

2 1 1 3 7
0 2 � 2 1 � 3
0 0 3 7 13
0 0 0 12 18

1

C
C
A

We are going to run the na•�ve G.E., and seehow it is a LU Factorization. Sincethis is the
na•�ve version, we �rst pivot on the �rst row. Our multipliers are � 2; � 3; � 1: We pivot to
get

0

B
B
@

2 1 1 3 7
0 2 � 2 1 � 3
0 2 1 8 10
0 � 2 � 1 4 8

1

C
C
A
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Careful inspection shows that we've merely multiplied A and b by a lower triangular matrix
M1:

M1 =

2

6
6
4

1 0 0 0
� 2 1 0 0
� 3 0 1 0
� 1 0 0 1

3

7
7
5

The �rst column entries are the e.r.o. multipliers for each row. Thus after the �rst pivot,
it is like we are solving the system

M1Ax = M1b:

We pivot on the secondrow to get:
0

B
B
@

2 1 1 3 7
0 2 � 2 1 � 3
0 0 3 7 13
0 0 � 3 5 5

1

C
C
A

The multipliers are � 1; 1: We can view this pivot as a multiplication by M2; with

M2 =

2

6
6
4

1 0 0 0
0 1 0 0
0 � 1 1 0
0 1 0 1

3

7
7
5

We are now solving
M2M1Ax = M2M1b:

We pivot on the third row, with a multiplier of 1: Thus we get
0

B
B
@

2 1 1 3 7
0 2 � 2 1 � 3
0 0 3 7 13
0 0 0 12 18

1

C
C
A

We have multiplied by M3 :

M3 =

2

6
6
4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1

3

7
7
5

We are now solving
M3M2M1Ax = M3M2M1b:

But we have an upper triangular form, that is, if we let

U =

2

6
6
4

2 1 1 3
0 2 � 2 1
0 0 3 7
0 0 0 12

3

7
7
5
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Then we have

M3M2M1A = U;

A = (M3M2M1)� 1 U;

A = M1
� 1M2

� 1M3
� 1U;

A = LU:

We are hoping that L is indeed lower triangular, and hasoneson the diagonal. It turns out
that the inverseof each M i matrix has a nice form. We write them here:

L =

2

6
6
4

1 0 0 0
2 1 0 0
3 0 1 0
1 0 0 1

3

7
7
5

2

6
6
4

1 0 0 0
0 1 0 0
0 1 1 0
0 � 1 0 1

3

7
7
5

2

6
6
4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 � 1 1

3

7
7
5

=

2

6
6
4

1 0 0 0
2 1 0 0
3 1 1 0
1 � 1 � 1 1

3

7
7
5

This is really crazy: the matrix L looks to be composedof oneson the diagonal and multi-
pliers under the diagonal.

Now we check to seeif we made any mistakes:

LU =

2

6
6
4

1 0 0 0
2 1 0 0
3 1 1 0
1 � 1 � 1 1

3

7
7
5

2

6
6
4

2 1 1 3
0 2 � 2 1
0 0 3 7
0 0 0 12

3

7
7
5

=

2

6
6
4

2 1 1 3
4 4 0 7
6 5 4 17
2 � 1 0 7

3

7
7
5 = A:

Using LU Factorizations

We seethat the G.E. algorithm can be usedto actually calculate the LU factorization. We
will look at this in more detail in another example. We now examine how we can use the
LU factorization to solve the equation

Ax = b;

Sincewe have A = LU; we �rst solve
Lz = b;

then solve
Ux = z:
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SinceL is lower triangular, we can solve for z with a forward substitution. Similarly, since
U is upper triangular, we can solve for x with a back susbsitution. We drag out the previous
example (which we never got around to solving):

0

B
B
@

2 1 1 3 7
4 4 0 7 11
6 5 4 17 31
2 � 1 0 7 15

1

C
C
A

We had found the LU factorization of A as

A =

2

6
6
4

1 0 0 0
2 1 0 0
3 1 1 0
1 � 1 � 1 1

3

7
7
5

2

6
6
4

2 1 1 3
0 2 � 2 1
0 0 3 7
0 0 0 12

3

7
7
5

So we solve
2

6
6
4

1 0 0 0
2 1 0 0
3 1 1 0
1 � 1 � 1 1

3

7
7
5 z =

2

6
6
4

7
11
31
15

3

7
7
5

We get

z =

2

6
6
4

7
� 3
13
18

3

7
7
5

Now we solve
2

6
6
4

2 1 1 3
0 2 � 2 1
0 0 3 7
0 0 0 12

3

7
7
5 x =

2

6
6
4

7
� 3
13
18

3

7
7
5

We get the ugly solution

z =

2

6
6
4

37
24

� 17
12
5
6
3
2

3

7
7
5

Some Theory

We aren't doing much proving here. The following theorem has an ugly proof in the text-
book:
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Theorem 15. If A is an n � n matrix, and na•�ve GaussianElimination doesnot encounter
a zero pivot, then the algorithm generatesa LU factorization of A, where L is the lower
triangular part of the output matrix, and U is the upper triangular part.

This theorem relies on us using the fancy version of G.E., which saves the multipliers in
the spots where there should be zeros. In our discussionof it in class, I put the negative
multipliers in those spots; these are the boxed numbers in the matrix example from the
previous lecture. I guessit pays to look ahead. If correctly implemented, then, L is the
lower triangular part but with onesput on the diagonal.

This theorem is proven in the book. This appears to me to be a caseof something which
can be better illustrated with an example or two and some informal investigation. The
proof is an unillustrating index-chase{readit at your own risk.

Computing In verses

We consider �nding the inverseof A. Since

AA� 1 = I;

then the j th column of the inverseA� 1 solves the equation

Ax = ej ;

where ej is the column matrix of all zeros,but with a one in the j th position.

Thus we can �nd the inverseof A by running n linear solves. Obviously we are only going to
run G.E. once,to put the matrix in LU form, then run n solvesusing forward and backward
substitutions.

x6.5 Iterativ e Solutions

Recall we are trying to solve

Ax = b: (3)

We saw that Gaussian Elimination requires around 2
3n3 operations just to �nd the LU

factorization, then about n2 operations to solve the system, when A is n � n. When n is
large, this may take too long to be practical, sowe attempt to �nd an approximate solution
iterativ ely. That is, we have someinitial estimate of the solution, x (0) , and somemeansof
calculating x ( k +1) from x ( k ) .

Our iterativ e update is de�ned implicitly . For somematrix Q, we will let

Qx ( k +1) = (Q � A) x ( k ) + b:

Now supposethat as k ! 1 ; x ( k ) convergesto somevector x � . Then we have

Qx � = (Q � A) x � + b;

Qx � = Qx � � Ax � + b;

Ax � = b:
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We have somefreedom in choosing Q, but there are two considerationswe should keep in
mind:

1. Choice of Q a�ects convergenceand speedof convergenceof the method.
2. Choice of Q a�ects easeof computing the update. That is, given

z = (Q � A) x ( k ) + b;

we should pick Q such that the equation

Qx ( k +1) = z

is easyto solve exactly.

This last point is important. Remember that we chose an iterativ e method becausewe
couldn't easily solve a linear equation.

We illustrate somechoicesof Q.

Ric hardson Iteration

The simplest iterativ e method is Richardson Iteration, which choosesQ to be the identit y
matrix. Solving the system

Qx ( k +1) = z

is trivial: we just have x ( k +1) = z:

Example 16. Use Richardson Iteration to solve the systemfor

A =

2

4
6 1 1
2 4 0
1 2 6

3

5 ; b =

2

4
12
0
6

3

5 :

We let

Q =

2

4
1 0 0
0 1 0
0 0 1

3

5 ; (Q � A) =

2

4
5 � 1 � 1

� 2 3 0
� 1 � 2 5

3

5 :

We start with an arbitrary x (0) , say x (0) = [222]> : We get x (1) = [18210]> ; and x (2) =
[90 � 3034]> :

Note the real solution is x = [2 � 1 1]> : The Richardson Iteration does not appear to
convergefor this example,unfortunately.

We can rethink the Richardson Iteration as

x ( k +1) = (I � A) x ( k ) + b = x ( k ) +
�

b � Ax ( k )
�

:

Thus at each step we are adding the residual, de�ned as b � Ax ( k ) , to the iterate.

Jacobi Iteration
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The Jacobi Iteration choosesQ to be the matrix consisting of the diagonal of A. Solving
the system

Qx ( k +1) = z

is trivial.

Example 17. Use Jacobi Iteration to solve the systemfor

A =

2

4
6 1 1
2 4 0
1 2 6

3

5 ; b =

2

4
12
0
6

3

5 :

We let

Q =

2

4
6 0 0
0 4 0
0 0 6

3

5 ; (Q � A) =

2

4
0 � 1 � 1

� 2 0 0
� 1 � 2 0

3

5 ; Q� 1 =

2

4
1
6 0 0
0 1

4 0
0 0 1

6

3

5 :

We start with an arbitrary x (0) , say x (0) = [222]> : We get x (1) =
� 4

3 � 1 � 1
� > : Then

x (2) =
� 7

3 � 2
3

1
9

� > :

Note the real solution is x = [2 � 1 1]> :

We seethere is an easyway to describe the update performed by the Jacobi Iteration. Let
x(k)

j be the j th element of x ( k ) . Then we seeeasily that

x(k+1)
j =

1
aj j

0

@bj �
nX

i =1 ;i 6= j

aj i x
(k)
i

1

A :

Thus an update takes lessthan 2n2 operations.

Gauss Seidel Iteration

The GaussSeidelIteration choosesQ to belower triangular part of A, including the diagonal.
In this casesolving the system

Qx ( k +1) = z

is performed by forward substitution.

Example 18. Use GaussSeidelIteration to again solve for

A =

2

4
6 1 1
2 4 0
1 2 6

3

5 ; b =

2

4
12
0
6

3

5 :

We let

Q =

2

4
6 0 0
2 4 0
1 2 6

3

5 ; (Q � A) =

2

4
0 � 1 � 1
0 0 0
0 0 0

3

5 :
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We start with an arbitrary x (0) , say x (0) = [222]> : We get x (1) =
� 4

3 � 2
3 1

� >
: Then

x (2) =
� 35

18 � 35
36 1

� > :

Already this is fairly closeto the actual solution x = [2 � 1 1]> :

There is an easierway to describe the GaussSeidel Iteration. In this casewe will keep a
single vector x and overwrite it, element by element. Thus for j = 1; 2; : : : ; n; we set

x j  
1

aj j

0

@bj �
nX

i =1 ;i 6= j

aj i x i

1

A :

This looks exactly like the Jacobi update. However, in the sum on the right there are some
\old" valuesof x i and some\new" values; the new valuesare those x i for which i < j:

Again this takes lessthan 2n2 operations.

An alteration of the GaussSeidelIteration is to makesuccessive \sweeps"of this rede�nition,
one for j = 1; 2; : : : ; n; the next for j = n; n � 1; : : : ; 2; 1: This amounts to running Gauss
Seideloncewith Q the lower triangular part of A, then running it with Q the upper triangular
part. This iterativ e method is known as \red-black GaussSeidel."

Successive Ov erelaxation Iteration (SOR)

The Successive Overelaxation (SOR) Iteration choosesQ to be lower triangular part of A,
but with the diagonal divided by a relaxation factor, ! : In this casesolving the system

Qx ( k +1) = z

is performed by forward substitution.

Example 19. Use SOR Iteration with ! = 1:5 to again solve for

A =

2

4
6 1 1
2 4 0
1 2 6

3

5 ; b =

2

4
12
0
6

3

5 :

We let

Q =

2

4
4 0 0
2 8

3 0
1 2 4

3

5 ; (Q � A) =

2

4
� 2 � 1 � 1

0 � 4
3 0

0 0 � 2

3

5 :

We start with an arbitrary x (0) , say x (0) = [222]> : We get x (1) =
�
1 � 7

4
9
8

� > :

Error Analysis

Supposethat x is the solution to equation 3. De�ne the error vector:

e( k ) = x ( k ) � x :
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Now notice that

x ( k +1) = Q� 1 (Q � A) x ( k ) + Q� 1b;

x ( k +1) = Q� 1Qx ( k ) � Q� 1Ax ( k ) + Q� 1Ax ;

x ( k +1) = x ( k ) � Q� 1A
�

x ( k ) � x
�

;

x ( k +1) � x = x ( k ) � x � Q� 1A
�

x ( k ) � x
�

;

e( k +1) = e( k ) � Q� 1Ae( k ) ;

e( k +1) =
�
I � Q� 1A

�
e( k ) :

We want to ensure that e( k +1) is \smaller" than e( k ) . To do this we take a detour into
matrix and vector norms.

Matrix Norms

First we de�ne a vector norm. For x , we de�ne its two-norm as

jjx jj2 =

 
nX

i =1

x2
i

! 1
2

:

Norms have many interesting properties. We will list only a few of them here:

1. The norm obeys the triangle inequality:

jj x + y jj2 � jjx jj 2 + jjy jj2 :

2. The norm scalespositively:
jj � x jj 2 = j� j jjx jj2 :

3. Only the zero vector has zero norm.
4. If jj x jj2 = r; then x is on a spherecentered at the origin of radius r; in Rn .

Now we can de�ne a matrix norm. We de�ne

jjAjj2 = max
x 6= 0

jjAx jj 2

jjx jj2
:

We will needthe following properties of matrix norms:

1. Becausethe matrix norm is de�ned as a max, then if x 6= 0; we have

jjAx jj 2 � jjAjj2 jjx jj2 :

2. The norm of a matrix is equal to its largest eigenvalue, in absolute value.

Now we note that since

e( k +1) =
�
I � Q� 1A

�
e( k ) ;
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then
�
�
�
�
�
�e( k +1)

�
�
�
�
�
�
2

=
�
�
�
�
�
�
�
I � Q� 1A

�
e( k )

�
�
�
�
�
�
2

�
�
�
�
� I � Q� 1A

�
�
�
�
2

�
�
�
�
�
�e( k )

�
�
�
�
�
�
2

:

Thus our iteration convergesif �
�
�
� I � Q� 1A

�
�
�
�
2 < 1:

This gives the theorem:

Theorem 20. An iterativ e solution scheme convergesfor any starting x (0) if and only if
all eigenvaluesof I � Q� 1A are lessthan 1 in absolute value.

Another way of saying this is \the spectral radius of I � Q� 1A is lessthan 1."

An easiercondition to check is diagonal dominance. The matrix A is said to be diagonally
dominant if for j = 1; 2; : : : ; n;

jaj j j >
nX

i =1 ;i 6= j

jaj i j :

Thus in a diagonally dominant matrix, a diagonal element is larger, in absolutevalue, than
the sum of the absolute values of the rest of the row. A diagonally dominant matrix plus
the right choice of Q gives the right eigenvalues,as the following theorem asserts:

Theorem 21. If the matrix A is diagonally dominant, then the Jacobi and GaussSeidel
iterativ e solution schemesconvergefor any starting x (0) .
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