
x6.5 Iterativ e Solutions Con tin ued

We are trying to solve

Ax = b (1)

iterativ ely by starting with somex (0) , then de�ning the iteration implicitly:

Qx ( k +1) = (Q � A) x ( k ) + b;

for somechosenmatrix Q.

We de�ned the error vector as
e( k ) = x ( k ) � x ;

and found that

e( k +1) =
�
I � Q� 1A

�
e( k ) :

We then de�ned the vector norm as

jjx jj2 =
p

x > x =

 
nX

i =1

x2
i

! 1
2

:

We de�ned the matrix norm subordinate to this vector norm as

jjAjj2 = max
x 6= 0

jjAx jj 2

jjx jj2
:

Using the property that for any x ,

jjAx jj2 � jjAjj2 jjx jj2 ;

we seethat
�
�
�
�
�
�e( k +1)

�
�
�
�
�
�
2

=
�
�
�
�
�
�
�
I � Q� 1A

�
e( k )

�
�
�
�
�
�
2

�
�
�
�
� I � Q� 1A

�
�
�
�
2

�
�
�
�
�
�e( k )

�
�
�
�
�
�
2

:

Thus our iteration convergesif �
�
�
� I � Q� 1A

�
�
�
�
2 < 1:

There are a number of alternative characterizations of the matrix norm. One is

A = max
1� i � n

j� i j ;

where � i are the n singular valuesof the matrix. Singular valuesare the eigenvaluesof the
matrix if it is nonsingular. Thus we have the theorem:

Theorem 1. An iterativ e solution schemeconvergesfor any starting x (0) if and only if all
eigenvaluesof I � Q� 1A are lessthan 1 in absolute value.
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Another way of saying this is \the spectral radius of I � Q� 1A is lessthan 1."

An easiercondition to check is diagonal dominance. The matrix A is said to be diagonally
dominant if for j = 1; 2; : : : ; n;

jaj j j >
nX

i =1 ;i 6= j

jaj i j :

Thus in a diagonally dominant matrix, a diagonal element is larger, in absolutevalue, than
the sum of the absolute valuesof the rest of the row.

A diagonally dominant matrix plus the right choice of Q gives the right eigenvalues,as the
following theorem asserts:

Theorem 2. If the matrix A is diagonally dominant, then the Jacobi and Gauss Seidel
iterativ e solution schemesconvergefor any starting x (0) .

The follo wing material does not app ear on the second midterm:

x7.1 First and Second Degree Splines

Splines are used to approximate complex functions and shapes. A spline is a function
consisting of simple functions glued together. In this way a spline is di�eren t from a poly-
nomial interpolation, which consistsof a single well de�ned function that approximates a
given shape; splinesare normally piecewisepolynomial.

To de�ne a spline on [a;b], we partition the interval into knots t 0; t1; : : : ; tn : The spline is a
polynomial on each subinterval [t i ; t i +1 ]. We de�ne splinesof degree1:

De�nition 3 (Splines of Degree 1). A function S is a spline of degree1 on [a;b] if

1. The domain of S is [a;b].
2. S is continuous on [a;b].
3. There is a partition a = t0 < t1 < : : : < tn = b such that on [t i ; t i +1 ], S is a linear

polynomial.

A degree1 spline is de�ned entirely by its value at the knots. That is, given

t t0 t1 : : : tn

y y0 y1 : : : yn

there is only one degree1 spline with these values at the knots and linear on each given
subinterval.

For a spline with this data, the linear polynomial on each subinterval is de�ned as

Si (x) = yi +
yi +1 � yi

t i +1 � t i
(x � t i ) :

Note that if x 2 [t i ; t i +1 ] ; then x � t i > 0; but x � t i � 1 � 0: Thus if we wish to evaluate
S(x); we search for the largest i such that x � t i > 0; then evaluate Si (x):
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First Degree Spline Accuracy

The book has a fancy \theorem" with no content. I claim we can immediately seethat if
p(x) is the linear polynomial interpolating f (x) at the endpoints of the interval [a;b], then
for x 2 [a;b] ;

jf (x) � p(x)j � max fj f (x) � f (a)j ; jf (x) � f (b)jg :

Thus jf (x) � p(x)j is no larger than the \maxim um variation" of f (x) on this interval.

In particular, if f 0(x) exists and is bounded by M 1 on [a;b], then

jf (x) � p(x)j �
M 1

2
(b� a) :

Similarly, if f 00(x) exists and is bounded by M 2 on [a;b], then

jf (x) � p(x)j �
M 2

8
(b� a)2 :

Note this is better than polynomial interpolation, which may get worse as the number of
nodes is increased.

Second Degree Splines

Piecewisequadratic splines, or second degree splines are de�ned similarly to the degree1
splines:

De�nition 4 (Splines of Degree 2). A function Q is a spline of degree2 on [a;b] if

1. The domain of Q is [a;b].
2. Q is continuous on [a;b].
3. Q0 is continuous on [a;b].
4. There is a partition a = t0 < t1 < : : : < tn = bsuch that on [t i ; t i +1 ], Q is a polynomial

of degreeat most 2.

Example 5. The following is a quadratic splne:

Q(x) =

8
<

:

� x x � 0;
x2 � x 0 � x � 2;

� x2 + 7x � 1 2 � x:

Unlike degree1 splines,degree2 splinesare not de�ned entirely by their valuesat the knots.
We considerwhy that is. The spline Q(x) is de�ned by its piecewisepolynomials,

Qi (x) = ai x2 + bi x + ci :

Thus there are 3n parameters to de�ne Q(x):

For each of the n subintervals, the data

t t0 t1 : : : tn

y y0 y1 : : : yn
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give two equations regarding Qi (x); namely that Qi (t i ) must equal yi and Qi (t i +1 ) must
equal yi +1 : This is 2n equations. The condition on continuit y of Q0 givesa single equation
for each of the n � 1 internal nodes. This totatls 3n � 1 equations,but 3n unknowns. This
system is underdetermined.

Thus someadditional user-chosencondition is required to determine the quadratic spline.
One might choose,for example,Q0(a) = 0; or Q00(a) = 0; or someother condition.

Computing Second Degree Splines

Supposethe data
t t0 t1 : : : tn

y y0 y1 : : : yn

are given. Let zi = Q0
i (t i ); and supposethat the additional condition to de�ne the quadratic

spline is given by specifying z0: We want to be able to compute the form of Qi (x):

BecauseQi (t i ) = yi ; Q0
i (t i ) = zi ; Q0

i (t i +1 ) = zi +1 ; we seethat we can de�ne

Qi (x) =
zi +1 � zi

2(t i +1 � t i )
(x � t i )

2 + zi (x � t i ) + yi :

Use this at t i +1 :

yi +1 = Qi (t i +1 ) =
zi +1 � zi

2(t i +1 � t i )
(t i +1 � t i )

2 + zi (t i +1 � t i ) + yi ;

yi +1 � yi =
zi +1 � zi

2
(t i +1 � t i ) + zi (t i +1 � t i ) ;

yi +1 � yi =
zi +1 + zi

2
(t i +1 � t i ) :

Thus we can determine, from the data alone, zi +1 from zi :

zi +1 = 2
yi +1 � yi

t i +1 � t i
� zi :

x7.2 (Natural) Cubic Splines

If you recall the de�nition of the linear and quadratic splines, probably you can guessthe
de�nition of the spline of degreek:

De�nition 6 (Splines of Degree k). A function S is a spline of degree1 on [a;b] if

1. The domain of S is [a;b].
2. S;S0; S00; : : : ; S(k� 1) are continuous on [a;b].
3. There is a partition a = t0 < t1 < : : : < tn = bsuch that on [t i ; t i +1 ], S is a polynomial

of degree� k:

You would also expect that a spline of degreek has k � 1 degreesof freedom. That is if
n + 1 knots are given, the spline of degreek is de�ned by n(k + 1) parameters. The given
data

t t0 t1 : : : tn

y y0 y1 : : : yn
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provide 2n equations. The continuit y of S0; S00; : : : ; S(k� 1) at the n � 1 internal knots gives
(k � 1)(n � 1) equations. This is a total of n(k + 1) � (k � 1) equations. Thus we have
k � 1 more unknowns than equations. Thus, barring somesingularity, we can (and must)
add k � 1 constraints to uniquely de�ne the spline.

Often k is chosenas 3: This yields cubic splines. We must add 2 extra constraints to de�ne
the spline. The usual choice is to make

S00(t0) = S00(tn ) = 0:

This yields the natural cubic spline.

Wh y Natural Cubic Splines?

It turns out that natural cubic splines are a good choice in the sensethat they are the
\in terpolant of minimal H 2 seminorm." The corollary following this theorem states this in
more easily understandableterms:

Theorem 7. Supposef has two continuous derivatives, and S is the natural cubic spline
interpolating f as knots a = t0 < t1 < : : : < tn = b: Then

Z b

a

�
S00(x)

� 2 dx �
Z b

a

�
f 00(x)

� 2 dx

Proof. We let g(x) = f (x) � S(x): Then g(x) is zeroon the (n + 1) knots t i : Derivativesare
linear, meaning that

f 00(x) = S00(x) + g00(x):

Then
Z b

a

�
f 00(x)

� 2 dx =
Z b

a

�
S00(x)

� 2 dx +
Z b

a

�
g00(x)

� 2 dx +
Z b

a
2S00(x)g00(x)dx:

We show that the last integral is zero. Integrating by parts we get

Z b

a
S00(x)g00(x)dx = S00g0

�
�
�
b

a
�

Z b

a
S000g0dx = �

Z b

a
S000g0dx;

becauseS00(a) = S00(b) = 0: Then notice that S is a polynomial of degree� 3 on each inter-
val, thus S000(x) is a piecewiseconstant function, taking value ci on each interval [t i ; t i +1 ].
Thus Z b

a
S000g0dx =

n� 1X

i =0

Z b

a
ci g0dx =

n� 1X

i =0

ci g
�
�
�
t i +1

t i

= 0;

with the last equality holding becauseg(x) is zero at the knots.

Corollary 8. The natural cubic spline is best twice-continuously di�eren tiable interpolant
for a twice-continuously di�eren tiable function, under the measuregiven by the theorem.
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Proof. Let f be twice-continuously di�eren tiable, and let S be the natural cubic spline
interpolating f (x) at somegiven nodesf t i g

n
i=0 . Let R(x) be sometwice-continuously di�er-

entiable function which also interpolates f (x) at thesenodes. Then S(x) interpolates R(x)
at thesenodes. Apply the theorem to get

Z b

a

�
S00(x)

� 2 dx �
Z b

a

�
R00(x)

� 2 dx

An Example

We construct the natural cubic spline for the following data:

t � 1 0 2
y 3 � 1 3

The natural cubic spline is de�ned by eight parameters:

S(x) =
�

ax3 + bx2 + cx + d x 2 [� 1; 0]
ex3 + f x2 + gx + h x 2 [0; 2]

We interpolate to �nd that d = h = � 1 and

� a + b� c � 1 = 3

8e+ 4f + 2g � 1 = 3

We take the derivative of S:

S0(x) =
�

3ax2 + 2bx + c x 2 [� 1; 0]
3ex2 + 2f x + g x 2 [0; 2]

Continuit y at the middle node givesc = g:

We take the secondderivative of S:

S00(x) =
�

6ax + 2b x 2 [� 1; 0]
6ex + 2f x 2 [0; 2]

Continuit y at the middle node givesb = f : The natural cubic spline condition gives � 6a +
2b = 0 and 12e + 2f = 0. Solving this by \divide and conquer" gives

S(x) =
�

x3 + 3x2 � 2x � 1 x 2 [� 1; 0]
� 1

2x3 + 3x2 � 2x � 1 x 2 [0; 2]

Computing Natural Cubic Splines

Finding the constants for the previous examplewas fairly tedious. And this is for the case
of only three nodes. We would like a method easierthan setting up the 4n equations and
unknowns.
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The book does a fairly good job of describing the algorithm. I seelittle value in covering
this in detail in classbecauseits much more drudgework than ideas.

Here's the basic description: You want to �nd the natural cubic spline, S(x) interpolating
the data:

t t0 t1 : : : tn

y y0 y1 : : : yn

De�ne zi = S00(t i ). Other than z0 = zn = 0; the zi are not known up front and need to
be determined. Not surprisingly, you can write Si (x) as somecubic polynomial involving
zi ; zi +1 and two constants yet to be determined. When you use the continuit y of S;S0 at
the internal nodes, the two constants for each Si are determined to be related to the data
t i ; yi in somedetailed way. This leadsto a symmetric tridiagonal system:

2

6
6
6
6
6
4

u1 h1 0 � � � 0
h1 u2 h2 � � � 0
0 h2 u3 � � � 0
...

...
...

. . .
...

0 0 0 � � � un� 1

3

7
7
7
7
7
5

2

6
6
6
6
6
4

z1

z2

z3
...

zn� 1

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

v1

v2

v3
...

vn� 1

3

7
7
7
7
7
5

(2)

The hi 's and ui 's are easyto describe{they are related to the width of the intervals:

hi = t i +1 � t i ; ui = 2(hi � 1 + hi ) :

The vi 's are not so easyto explain, and involve the yi as well.

To solve this system there are fancy methods for tridiagonal systems. It turns out that
na•�ve GaussianElimination works just �ne in this case,however.

x7.3, 7.4 B Splines

The chapter on cubic splines was weak. I'll talk a little bit about B splines. This is not
on the �nal exam or the quizzes. It is interesting and useful, however, so you should pay
attention.

The B splines form a basis for spline functions, which is where the name comesfrom. We
presupposethe existenceof an in�nite number of knots:

: : : < t2 < t1 < t0 < t1 < t2 < : : : ;

with lim k!�1 tk = �1 and lim k!1 tk = 1 :

The B splinesof degree0 are de�ned as single \blo cks":

B 0
i (x) =

�
1 t i � x < t i +1

0 otherwise

The zerodegreeB splinesare continuousfrom the right, are nonzeroonly on onesubinterval
[t i ; t i +1 ), sum to 1 everywhere.
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We justify the description of B splines as basis splines: If S is a spline of degree0 on the
given knots and is continuous from the right then

S(x) =
X

i

S(x i )B 0
i (x):

Amazing.

Then we can de�ne the B splinesof degreek recursively:

B k
i (x) =

�
x � t i

t i + k � t i

�
B k� 1

i (x) +
�

t i + k+1 � x
t i + k+1 � t i +1

�
B k� 1

i+1 (x):

Thesequickly becomeunweildy. We focus on the casek = 1: The B spline B 1
i (x) is

� Piecewiselinear.
� Continuous.
� Nonzero only on (t i ; t i +2 ).
� 1 at t i +1 .

They're sometimescalled hat functions. Imagine wearing a hat shaped like this! Whatever.

The nice thing about the hat functions is they allow us to use analogy. Harken back to
polynomial interpolation and the LagrangeFunctions. The hat functions play a similar role
because

B 1
i (t j ) = � (i +1) j =

�
1 (i + 1) = j
0 (i + 1) 6= j

Then if we want to interpolate the following data with splinesof degree1:

t t0 t1 : : : tn

y y0 y1 : : : yn

We can immediately set

S(x) =
nX

i =0

yi B 1
i � 1(x):

x8.1 Ordinary Di�eren tial Equations

We want to solve ordinary di�eren tial equations, that is �nd somex(t) such that
� dx(t)

dt = f (t; x(t)) ;
x(a) = c:

When f (t; x(t)) is somefunction that is independent of its secondvariable, for example

f (t; x) = t2 � t;

the problem becomesan exercisein integral calculus. In this casewe have to solve
� dx(t)

dt = t2 � t;
x(a) = c:
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The solution is x(t) = 1
3 t3 � 1

2 t2 + K ; where K is chosensuch that x(a) = C:

The problem can be considerablymore di�cult when f dependson its secondvariable.

In tegration and `Stepping'

We attempt to solve the ODE by integrating both sides. That is

dx(t)
dt

= f (t; x(t)) ; yields
Z t+ h

t
dx =

Z t+ h

t
f (r; x(r )) dr; thus

x(t + h) = x(t) +
Z t+ h

t
f (r; x(r )) dr:

If we can approximate the integral then we have a way of `stepping' from t to t + h, i.e., if
we have a good approximate of x(t) we can approximate x(t + h).

If we usethe left-hand rectangle rule for approximating integrals, we get

x(t + h) � x(t) + hf (t; x(t)) :

This is Euler's Method.

Trapezoid rule gives

x(t + h) � x(t) +
h
2

[f (t; x(t)) + f (t + h; x(t + h))] :

But we cannot evaluate this exactly, sincex(t + h) appearson both sidesof the equation.
And it is embedded on the right hand side. Bummer. But if we could approximate it,
say by using Euler's Method, maybe the formula would work. This is the idea behind the
Runge-Kutta method (we cover this in x8.2).

Taylor's Series Metho ds

We seethat our more accurate integral approximations will be uselesssince they require
information we do not know, i.e., evaluations of f (t; x) for yet unknown x values. Thus
we fall back on Taylor's Theorem. We can also view this as using integral approximations
where all information comesfrom the left-hand endpoint. kinda.

We recall that for analytic x

x(t + h) = x(t) + hx0(t) +
1
2

h2x00(t) + : : : +
1

m!
hm x(m) (t) + : : :

If we usethe approximation

x(t + h) � x(t) + hx0(t) +
1
2

h2x00(t) + : : : +
1

m!
hm x(m) (t):

to solve the ODE, this is called a Taylor's series method of order m:
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Again we will usethe idea of `stepping.' h is the step width.

Euler's Metho d

When m = 1 we recover Euler's Method:

x(t + h) = x(t) + hx0(t) = x(t) + hf (t; x(t)) :

We look at this graphically in classfor the ODE

� dx(t)
dt = x;

x(0) = 1:

The actual solution is x(t) = et : Euler's method will underestimate x(t) becausethe cur-
vature of the actual x(t) is positive, and thus the function is always above its linearization.
We seegraphically that eventually the Euler's method approximation is very poor.

Higher Order Metho ds

Consider the problem � dx(t)
dt = x + ex ;

x(0) = 1:

We usea Taylor's Seriesmethod with m = 3:

x0(t) = 1 + ex

x00(t) = ex

x000(t) = ex

We then have the step:

x(t + h) � x(t) + hx0(t) +
1
2

h2x00(t) +
1
3

h3x000(t) = x(t) + h +
�

h +
1
2

h2 +
1
3

h3
�

ex(t) :

Errors

There are two types of errors: truncation and roundo�. Truncation error is the error of
truncating the Taylor's seriesafter the m th term. You can seethat the truncation error is
O

�
hm+1

�
. Roundo� error occurs becauseof the limited precision of computer arithmetic.

Both of thesekinds of error can accumulate: Sincewe step from x(t) to x(t + h); an error in
the value of x(t) can causea greater error in the value of x(t + h): It turns out that for some
ODEs and somemethods, this doesnot happen. This brings us to the idea of stabilit y

x8.2 Runge Kutta Metho ds
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Recall the ODE problem: �nd somex(t) such that

� dx(t)
dt = f (t; x(t)) ;

x(a) = c;

where f ; a; c are given.

Recall that the Taylor's seriesmethod has problems: either you are using the �rst order
method (Euler's method), which su�ers innaccuracy, or you areusing a higher order method
which requires evaluations of higher order derivatives of x(t); i.e., x 00(t); x000(t); etc. This
makesthesemethods lessuseful for the generalsetting of f being a blackbox function. The
Runge Kutta methods (don't ask me how it's pronounced) seekto resolve this.

Taylor's Series Redux

Like all good numerical analysis,we fall back on Taylor's series. In this casewe rely on the
2-dimensionalversion:

f (x + h; y + k) =
1X

i =0

1
i !

�
h

@
@x

+ k
@
@y

� i

f (x; y):

The thing in the middle is an operator on f (x; y): The partial derivative operators are
interpreted exactly as if they were algebraic terms, that is:

�
h

@
@x

+ k
@
@y

� 0

f (x; y) = f (x; y);

�
h

@
@x

+ k
@
@y

� 1

f (x; y) = h
@f (x; y)

@x
+ k

@f (x; y)
@y

;

�
h

@
@x

+ k
@
@y

� 2

f (x; y) = h2 @2f (x; y)
@x2 + 2hk

@f (x; y)
@x@y

+ k2 @2f (x; y)
@y2 ;

...

There is a truncated version of Taylors series:

f (x + h; y + k) =
nX

i =0

1
i !

�
h

@
@x

+ k
@
@y

� i

f (x; y) +
1

(n + 1)!

�
h

@
@x

+ k
@
@y

� n+1

f ( �x; �y):

where ( �x; �y) is a point on the line segment with endpoints (x; y) and (x + h; y + k).

For practice, we will write this for n = 1:

f (x + h; y + k) = f (x; y) + hf x (x; y) + kf y(x; y) +
1
2

�
h2f xx ( �x; �y) + 2hkf xy ( �x; �y) + k2f yy( �x; �y)

�

Runge Kutta Metho ds
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We now introduce the R-K method for stepping from x(t) to x(t + h): We supposethat
�; � ; w1; w2 are �xed constants. We then compute:

K 1 = hf (t; x)

K 2 = hf (t + �h; x + � K 1):

Then we approximate:
x(t + h)  x(t) + w1K 1 + w2K 2:

We now examine the \prop er" choicesof the constants. Note that w1 = 1; w2 = 0 corre-
sponds to Euler's method, and does not require computation of K 2: We will pick another
choice.

Also notice that the de�nition of K 2 shouldberelated to Taylor's theoremin two dimensions.
Let's look at it:

K 2=h = f (t + �h; x + � K 1)

= f (t + �h; x + � hf (t; x))

= f + �hf t + � hf f x +
1
2

�
� 2h2f tt (�t; �x) + �� f h2f tx (�t; �x) + � 2h2f 2f xx(�t; �x)

�
:

Now reconsiderour step:

x(t + h) = x(t) + w1K 1 + w2K 2

= x(t) + w1hf + w2hf + w2�h 2f t + w2� h2f f x + O
�
h3�

:

= x(t) + (w1 + w2) hx0(t) + w2h2 (�f t + � f f x ) + O
�
h3�

:

= x(t) + (w1 + w2) hx0(t) + w2h2 (�f t + � f f x ) + O
�
h3�

:

If we happen to chooseour constants such that

w1 + w2 = 1; �w 2 =
1
2

= � w2;

then we get

x(t + h) = x(t) + hx0(t) +
1
2

h2 (f t + f f x ) + O
�
h3�

= x(t) + hx0(t) +
1
2

h2x00(t) + O
�
h3�

;

i.e., our choice of the constants makesthe approximate x(t + h) good up to a O
�
h3

�
term,

becausewe end up with the Taylor's seriesexpansionup to that term. cool.

The usual choiceof constants is � = � = 1; w1 = w2 = 1
2 : This givesthe second order Runge

Kutta method:

x(t + h)  x(t) +
h
2

f (t; x) +
h
2

f (t + h; x + hf (t; x)) :

12



Another choice is � = � = 2=3; w1 = 1=4; w2 = 3=4: This gives

x(t + h)  x(t) +
h
4

f (t; x) +
3h
4

f
�

t +
2h
3

; x +
2h
3

f (t; x)
�

:

The R-K method of order two has error term O
�
h3

�
. Sometimesthis is not enough and

higher-order R-K methods are used.

You can look in your textb ook for the R-K method of order 4, which has error O
�
h5

�
. It

requires four evaluations of f at funny places.

The R-K method can be extrapolated to higher orders. However, the number of function
evaluations grows faster than the accuracyof the method. Thus the methods of order higher
than four are normally not used.

We already saw that w1 = 1; w2 = 0 corresponds to Euler's Method. We considernow the
casew1 = 0; w2 = 1: The method becomes

x(t + h)  x(t) + hf
�

t +
h
2

; x +
h
2

f (t; x)
�

:

This is called the modi�e d Euler's Method. Note this givesa di�er ent value than if Euler's
Method was applied twice with step sizeh=2:

Examples

Example 9. Consider the ODE:
�

x0 = (tx )3 �
� x

t

� 2

x(1) = 1

Use h = 0:1 to compute x(1:1) using both Taylor's SeriesMethods and R-K methods of
order 2.

x9.1 Systems of ODEs

Recall the regular ODE problem: �nd somex(t) such that
� dx(t)

dt = f (t; x(t)) ;
x(a) = c;

where f ; a; c are given.

Sometimesthe physical systemswe are considering are more complex. For example, we
might be interested in the systemof ODEs:

8
>>><

>>>:

dx(t)
dt = f (t; x(t); y(t)) ;

dy(t)
dt = g(t; x(t); y(t)) ;

x(a) = c;
y(a) = d:

13



Example 10. Consider the following systemof ODEs:
8
>>><

>>>:

dx(t)
dt = t2 � x

dy(t)
dt = y2 + y � t;

x(0) = 1;
y(0) = 0:

You should immediately notice that this is not a system at all, but rather a collection of
two ODEs: � dx(t)

dt = t2 � x
x(0) = 1;

and � dy(t)
dt = y2 + y � t;

y(0) = 0:

Thesetwo ODEs canbesolvedseparately. Wecall such a systemuncoupled. In an uncoupled
systemthe function f (t; x; y) is independent of y; and g(t; x; y) is independent of x: A system
which is not uncoupled, is, of course,coupled. We will not consideruncoupled systems.

Larger Systems

There is no needto stop at two functions. We may imagine we have to solve the following
problem: �nd x1(t); x2(t); : : : ; xn (t) such that

8
>>>>>><

>>>>>>:

dx1 (t )
dt = f 1 (t; x1(t); x2(t); : : : ; xn (t)) ;

dx2 (t )
dt = f 2 (t; x1(t); x2(t); : : : ; xn (t)) ;

...
dxn (t )

dt = f n (t; x1(t); x2(t); : : : ; xn (t)) ;
x1(a) = s1; x2(a) = s2; : : : ; xn (a) = sn :

The idea is to not be afraid of the notation, write everything as vectors, then do exactly
the same thing as for the one dimensional case! That's right, there is nothing new but
notation:

Let

X =

2

6
6
4

x1

x2

: : :
xn

3

7
7
5 ; X 0 =

2

6
6
4

x0
1

x0
2

: : :
x0

n

3

7
7
5 ; F =

2

6
6
4

f 1

f 2

: : :
f n

3

7
7
5 ; S =

2

6
6
4

s1

s2

: : :
sn

3

7
7
5 :

Then we want to �nd X such that
�

X 0 = F (t; X )
X (a) = S:

Recasting Single ODE Metho ds

14



The framework is the sameas for a single ODE: we know X (t); and want to �nd X (t + h):
The step is de�ned by approximating X by its linearization. Quite simply we let

X (t + h)  X (t) + hF (t; X (t)) :

In fact, our generalstrategy of using Taylor's Theoremalsocarriesthrough with out change.
That is we can usethe k th order method to step as follows:

X (t + h)  X (t) + hX 0(t) +
h2

2
X 00(t) + : : : +

hk

k!
X ( k ) (t):

While we're at it, Runge Kutta works as well:
8
<

:

K 1 = hF (t; X )
K 2 = hF (t + h; X + K 1)
X (t + h)  X (t) + 1

2K 1 + 1
2K 2 :

It's Only Systems

The fact we can simply solve systems of ODEs using old methods is good news. It al-
lows us to solve higher order ODEs. For example, consider the following problem: given
f ; a; c0; c1; : : : ; cn ; �nd x(t) such that

�
x(n)(t) = f

�
t; x(t); x0(t); : : : ; x (n� 1)(t)

�
;

x(a) = c0; x0(a) = c1; x00(a) = c2; : : : ; x (n� 1)(a) = cn� 1:

We can put this in terms of a systemby letting

x0 = x; x1 = x0; x2 = x00; : : : ; xn� 1 = x (n� 1) :

Then the ODE plus thesen � 1 equationscan be written as
8
>>>>>>><

>>>>>>>:

x0
n� 1(t) = f (t; x0(t); x1(t); x2(t); : : : ; xn� 1(t))

x0
0(t) = x1(t)

x0
1(t) = x2(t)

...
x0

n� 2(t) = xn� 1(t)
x0(a) = c0; x1(a) = c1; x2(a) = c2; : : : ; xn� 1(a) = cn� 1:

This is just a systemof ODEs that we can solve like any other.

Note that this trick alsoworks on systemsof higher order ODEs. That is, we can transform
any systemof higher order ODEs into a (larger) systemof �rst order ODEs.

Example 11. Rewrite the following system as a systemof �rst order ODEs:
8
<

:

x00(t) = (t=y(t)) + x0(t) � 1
y0(t) = 1

(x0(t )+ y(t))

x(0) = 1; x0(0) = 0; y(0) = � 1

15



We let x0 = x; x1 = x0; x2 = y; then we can rewrite as

8
>><

>>:

x0
1(t) = (t=x2(t)) + x1(t) � 1

x0
0(t) = x1(t)

x0
2(t) = 1

(x1 (t )+ x2 (t ))

x0(0) = 1; x1(0) = 0; x2(0) = � 1

It's Only Autonomous Systems

In fact, we can usea similar trick to get rid of the time-dependanceof an ODE. Consider
the �rst order system

8
>>>>>>><

>>>>>>>:

x0
1 = f 1 (t; x1; x2; : : : ; xn ) ;

x0
2 = f 2 (t; x1; x2; : : : ; xn ) ;

x0
3 = f 3 (t; x1; x2; : : : ; xn ) ;

...
x0

n = f n (t; x1; x2; : : : ; xn ) ;
x1(a) = s1; x2(a) = s2; : : : ; xn (a) = sn :

We can get rid of the time dependanceand thus make the system autonomous by making
t another variable function to be found. We do this by letting x 0 = t; then adding the
equationsx0

0 = 1; and x0(a) = a; to get the system:

8
>>>>>>>>><

>>>>>>>>>:

x0
0 = 1;

x0
1 = f 1 (x0; x1; x2; : : : ; xn ) ;

x0
2 = f 2 (x0; x1; x2; : : : ; xn ) ;

x0
3 = f 3 (x0; x1; x2; : : : ; xn ) ;

...
x0

n = f n (x0; x1; x2; : : : ; xn ) ;
x0(a) = a; x1(a) = s1; x2(a) = s2; : : : ; xn (a) = sn :

Autonomous systemsare nice in that we can write them in the more elegant form:
�

X 0 = F (X )
X (a) = S:

But autonomoussystemsare really nice becausewe can talk about their phasecurves.

Essentially , you can considerX to be the position of a particle in Rn . This particle moves
over time. For an autonomoussytem of ODEs, the movement of the particle is only depen-
dent on its current position, and not on the time. Thus onecan conceivably draw the phase
curve, which is the path of the particle, as a curve in Rn .

Stabilit y

Maybe we will have time to considerstabilit y:

16



Supposeyou had an exact method of solving an ODE, but had the wrong data. That is,
you were trying to solve � dx(t)

dt = f (t; x(t)) ;
x(a) = c;

but instead fed the wrong data into the computer, which then solved exactly the ODE

� dx(t)
dt = f (t; x(t)) ;

x(a) = c + �:

This solution can divergefrom the correct one becauseof the di�eren t starting conditions.
We illustrate this with the usual example

dx(t)
dt

= x:

The curvesfor di�eren t starting conditions diverge.

However, if we instead consider the ODE

dx(t)
dt

= � x;

which has solution x(t) = x(0)e� x ; we seethat di�erences in the initial conditions become
immaterial.

It turns out there is a simple test for stabilit y. If f x > � for somepositive � ; then the ODE
is unstable; if f x < � � for a positive � ; the equation is stable. SomeODEs fall through this
test, however.

We can prove this without too much pain. De�ne x(t; s) to be the solution to

� dx(t)
dt = f (t; x(t)) ;

x(a) = s;

for t � a:

Then unstabilit y meansthat

lim
t !1

�
�
�
�

@
@s

x(t; s)

�
�
�
� = 1 :

Think about this in terms of the curves for our simple examplex 0 = x:

If take the derivative of the ODE we get

@
@t

x(t; s) = f (t; x(t; s)) ;

@
@s

@
@t

x(t; s) =
@
@s

f (t; x(t; s)) ; i.e.,

@
@s

@
@t

x(t; s) = f t (t; x(t))
@t
@s

+ f x (t; x(t; s))
@x(t; s)

@s
:

17



By the independenceof t; s the �rst part of the RHS is zero, so

@
@s

@
@t

x(t; s) = f x (t; x(t; s))
@x(t; s)

@s
:

We usecontinuit y of x to switch the orders of di�eren tiation:

@
@t

@
@s

x(t; s) = f x (t; x(t; s))
@
@s

x(t; s):

De�ning u(t) = @
@sx(t; s); and q(t) = f x (t; x(t; s)) ; we have

@
@t

u(t) = q(t)u(t):

The solution is u(t) = ceQ(t) ; where

Q(t) =
Z t

a
q(r )dr:

If q(r ) = f x (r; x(r; s)) � � > 0; then lim Q(t) = 1 ; and so lim u(t) = 1 : But note that
u(t) = @

@sx(t; s); and thus we have unstabilit y.

Similarly if q(r ) � � � < 0; then then lim Q(t) = �1 ; and so lim u(t) = 0; giving stabilit y.

x10.1 Least Squares

Least squaresis a method of �tting observed data to a theoretical model function. In the
generalsetting we are given a set of data

x x0 x1 : : : xn

y y0 y1 : : : yn

and someclassof functions, F . The goal then is to �nd the \b est" f 2 F to �t to the data.
Usually the classof functions F will be determined by somesmall number of parameters;
the number of parameterswill be smaller (usually much smaller) than the number of data
points. The theory here will be concernedwith de�nining \b est," and examining methods
for �nding the \b est" function to �t the data.

Linear Least Squares

The linear caseis the easiest. In this caseF is the classof all linear functions. That is

F = f f (x) = ax + bj a;b 2 R g:

We can now think of our job as drawing the best line through the data.

In the unlikely casethat the data points f (x i ; yi )g
n
i=0 are collinear, there is a clear best line

through them. However, this is unlikely.

Supposewe have somecandidate function f (x) = ax + b: Let the absolute error at the k th

data point be
jaxk + b� yk j

18



The total absolute error is the sum of all the errors:
nX

k=0

jaxk + b� yk j

One de�nition of the best line through the data points is that it is the one that minimizes
this total absoluteerror. This is called the ` 1 approximation; this approximation cannot be
solved with calculus and relies on other techniques.

Instead we look at another norm on the error. That is we seekto �nd the function f (x) =
ax + b; where a;b minimize the `2 error function:

� (a;b) =
nX

k=0

jaxk + b� yk j2

We minimize this function with calculus. We set

0 =
@�
@a

=
nX

k=0

2xk (axk + b� yk)

0 =
@�
@b

=
nX

k=0

2(axk + b� yk )

These are called the normal equations. Believe it or not these are two equations in two
unknowns. They can be reducedto

X
x2

ka +
X

xkb =
X

xkyk
X

xka + (n + 1)b =
X

yk

The solution is found by na•�ve GaussianElimination, and is ugly. Let

d11 =
X

x2
k

d12 = d21 =
X

xk

d22 = n + 1

e1 =
X

xkyk

e2 =
X

yk

We want to solve

d11a + d12b = e1

d21a + d22b = e2

GaussianElimination produces

a =
d22e1 � d12e2

d22d11 � d12d21

b =
d11e2 � d21e1

d22d11 � d12d21
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The answer is not so enlightening as the meansof �nding the solution.

We should, for a moment, consider whether this is indeed the solution. Our calculations
have only shown an extrema at this choice of (a;b); could it not be a maxima?

General Least Squares

We now suppose that F is an m + 1 dimensional class. That is, there is some linearly
independent set of basis functions f gj (x)gm

j =0 such that

F =

8
<

:
f (x) =

X

j

cj gj (x) j cj 2 R; j = 0; 1; : : : ; m

9
=

;

To �nd the best member of F for a given set of data, we �nd the ` 2 approximation by
minimizing the function

� (c0; c1; : : : ; cm ) =
nX

k=0

2

4

0

@
X

j

cj gj (xk )

1

A � yk

3

5

2

Again we set partials to zero and solve

0 =
@�
@ci

=
nX

k=0

2

2

4

0

@
X

j

cj gj (xk )

1

A � yk

3

5 gi (xk )

This can be rearrangedto get
mX

j =0

"
X

k

gj (xk )gi (xk )

#

cj =
nX

k=0

ykgi (xk )

If we now let

dij =
nX

k=0

gj (xk )gi (xk ); ei =
nX

k=0

ykgi (xk );

Then wehave reducedthe problem to the linear system(again, called the normal equations):
2

6
6
6
6
6
4

d00 d01 d02 � � � d0m

d10 d11 d12 � � � d1m

d20 d21 d22 � � � d2m
...

...
...

. . .
...

dm0 dm1 dm2 � � � dmm

3

7
7
7
7
7
5

2

6
6
6
6
6
4

c0

c1

c2
...

cm

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

e0

e1

e2
...

em

3

7
7
7
7
7
5

(3)

The choice of the basis functions can a�ect how easyit is to solve this system. We explore
this in x10.2. Note that we are talking about the basis f gj g

m
j =0 , and not exactly about the

class of functions F . A given class of functions will have more than one choice of basis
functions.

For example,considerwhat would happen if the systemof normal equationswerediagonal.
In this case,solving the system would be rather trivial.
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Example 12. We consider the awfully chosenbasis functions:

g0(x) =
� �

2
� 1

�
x2 �

�
2

x + 1

g1(x) = x3 +
� �

2
� 1

� �
x2 + x

�
+ 1

where � is small, around machine precision.

Suppose the data are given at the nodes x0 = 0; x1 = 1; x2 = � 1: We want to set up
the normal equations, so we compute someof the dij : First we have to evaluate the basis
functions at the nodesx i : But this examplewas rigged to give:

g0(x0) = 1; g0(x1) = 0; g0(x2) = �

g1(x0) = 1; g1(x1) = �; g1(x2) = 0

After much work we �nd we want to solve
�

1 + � 2 1
1 1 + � 2

� �
c0

c1

�
=

�
y0 + �y 2

y0 + �y 1

�

However, the computer would only �nd this if it had in�nite precision. Since it does not,
and since� is rather small, the computer thinks � 2 = 0; and so tries to solve the system

�
1 1
1 1

� �
c0

c1

�
=

�
y0 + �y 2

y0 + �y 1

�

When y1 6= y2; this has no solution. Bummer.

This kind of thing is common in the method of least squares:the coe�cien ts of the normal
equations include terms like

gi (xk )gj (xk ):

When the gi are small at the nodesxk ; thesecoe�cien ts can get really small, sincewe are
squaring.

Now we draw a rough sketch of the basis functions. We �nd they do a prett y poor job of
discriminating around all the nodes.

Example 13. We consider the casewhere m = 0; and g0(x) = logx: This is homework
question 7.

x10.2 Orthonormal Bases

Recall the generalsetting of least squares:we are given a set of data,

x x0 x1 : : : xn

y y0 y1 : : : yn
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and someclassof functions, F , which is spannedby the basisvectors f gj (x)gm
j =0 , i.e.,

F =

8
<

:
f (x) =

X

j

cj gj (x) j cj 2 R; j = 0; 1; : : : ; m

9
=

;

We found that the least squares\b est" function in F is f =
P

j cj gj ; where the cj satisfy
the normal equations:

2

6
6
6
6
6
4

d00 d01 d02 � � � d0m

d10 d11 d12 � � � d1m

d20 d21 d22 � � � d2m
...

...
...

. . .
...

dm0 dm1 dm2 � � � dmm

3

7
7
7
7
7
5

2

6
6
6
6
6
4

c0

c1

c2
...

cm

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

e0

e1

e2
...

em

3

7
7
7
7
7
5

(4)

where

dij =
nX

k=0

gj (xk )gi (xk ); ei =
nX

k=0

ykgi (xk ):

We already saw how poor choice of basisvectors can lead to numerical problems. Roughly
speaking, if gi (xk ) is small for somei 's and k's, then somedij can have a lossof precision
when two small quantities are multiplied together and rounded to zero.

Poor choice of basisvectors can also lead to numerical problems in solution of the normal
equations,which will be done by GaussianElimination.

We now consider the casewhere F is the class of polynomials of degree � m; and for
simplicit y we supposethat all x i 2 [� 1; 1] : You might think to let gi (x) = x i : This would
certainly give a basis for F . However, this would be a poor choice of basis, as seen in
Figure 1.

The short answer is that you should use,as a basis, the Chebyshev Polynomials of the �rst
kind, i.e., let gi (x) = Ti (x); where

T0(x) = 1; T1(x) = x; Ti +1 (x) = 2xT i (x) � Ti � 1(x):

Thesepolynomials are illustrated in Figure ??.

Alternativ es to Normal Equations

It turns out that the Normal Equations method isn't really so great. We consider other
methods. First, we de�ne A as the n � m matrix de�ned by the entries:

aij = gj (x i ); i = 0; 1; : : : ; n; j = 0; 1; : : : ; m:
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Figure 1: The polynomials x i for i = 0; 1; : : : ; 6 are shown on [0; 1]. These polynomials
make a bad basisbecausethey look so much alike, essentially .
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Figure 2: The Chebyshev polynomials Ti (x) for i = 0; 1; : : : ; 6 are shown on [0; 1]. These
polynomials make a better basis for least squaresbecausethey are orthogonal under some
inner product. Basically, they do not look like each other.

That is

A =

2

6
6
6
6
6
6
6
6
6
4

g0(x0) g1(x0) g2(x0) � � � gm (x0)
g0(x1) g1(x1) g2(x1) � � � gm (x1)
g0(x2) g1(x2) g2(x2) � � � gm (x2)
g0(x3) g1(x3) g2(x3) � � � gm (x3)
g0(x4) g1(x4) g2(x4) � � � gm (x4)

...
...

...
. . .

...
g0(xn ) g1(xn ) g2(xn ) � � � gm (xn )

3

7
7
7
7
7
7
7
7
7
5
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We write it in this way sincewe are thinking of the casewhere n � m; so A is \tall." We
now let b be de�ned by bi = yi :

After someinspection, we �nd that the Normal Equations can be written as:

A> A c = A> b:

If c is a vector representing a function of F under the given basis,then the error, or residual,
associated with this function is given by

b � A c:

In our least squarestheory we attempted to �nd that c that minimized

jjb � A cjj22 = (b � A c)> (b � A c)

We can seethis as minimizing the Euclidian distance from b to A c: For this reason,we will
have that the residual is orthogonal to the column spaceof A, that is we want

A> (b � A c) = 0:

This is just the normal equations. We could rewrite this, however, in the following form:
�nd c, r such that �

I A
A> 0

� �
r
c

�
=

�
b
0

�

This is now a systemof n + m variables and unknowns, which can be solved by specialized
means. This is known as the augmented form. We brie
y mention that na•�ve Gaussian
Elimination is not appropriate to solve the augmented form, as it is equivalent to using the
normal equationsmethod.
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