Xx6.5 lterativ e Solutions Contin ued

We are trying to solve
Ax=b (1)
iterativ ely by starting with somex © | then de ning the iteration implicitly:
) =@ AxW) + b,

for somechosenmatrix Q.

We de ned the error vector as
e = x () .

and found that

e(k+l) — | Q 1A e(k):

We then de ned the vector norm as

T g
IXJJp = X7X = Xi

We de ned the matrix norm sulordinate to this vector norm as

T jj AX j
iAj, = max 22Dz,
x60 jjXjjo
Using the property that for any x,
IAX]I, 1A IIXi 2
we seethat

(k+1) _ 1 (k) 1 (k)
e = | A e | A e
2 Q 2 Q 2

Thus our iteration corvergesif

I Q'A<

There are a number of alternativ e characterizations of the matrix norm. One s
A= maxj ij;
1in
where ; are the n singular values of the matrix. Singular valuesare the eigervalues of the
matrix if it is nonsingular. Thus we have the theorem:

Theorem 1. An iterativ e solution scheme corvergesfor any starting x (9 if and only if all
eigervaluesof |  Q A arelessthan 1 in absolute value.



Another way of saying this is \the spectral radius of | Q A is lessthan 1."

An easiercondition to ched is diagonal dominance. The matrix A is said to be diagonally
dominant if forj = 1;2;:::;n;
xn
jajj> jayij:
i=1:i6j
Thusin a diagonally dominant matrix, a diagonal elemen is larger, in absolute value, than
the sum of the absolute values of the rest of the row.

A diagonally dominant matrix plus the right choice of Q givesthe right eigervalues, asthe
following theorem asserts:

Theorem 2. If the matrix A is diagonally dominant, then the Jacobi and Gauss Seidel
iterativ e solution schemescorvergefor any starting x © .

The follo wing material does not appear on the second midterm:
x7.1 First and Second Degree Splines

Splines are used to approximate complex functions and shapes. A spline is a function
consisting of simple functions glued together. In this way a spline is di erent from a poly-
nomial interpolation, which consistsof a single well de ned function that approximates a
given shape; splinesare normally piecewisepolynomial.

polynomial on ead subinterval [tj;ti+1]. We de ne splinesof degreel.:

De nition 3 (Splines of Degree 1). A function S is a spline of degreel on [a;b] if

1. The domain of S is [a; b].

2. S is continuouson [a;b).

3. There is a partition a= tg < t1 < ::: < t, = bsud that on [tj;tj+«1], S is a linear
polynomial.

A degreel spline is de ned ertirely by its value at the knots. That is, given

tfto]te]:ii]tn
yllyo|yi]:::]yn

there is only one degreel spline with these values at the knots and linear on ead given
subinterval.

For a spline with this data, the linear polynomial on ead subinterval is de ned as

Yi¢z Vi x t):

SiX)=yi+ ——
i(X) =i t U

Note that if x 2 [tj;ti+1]; thenx t; > O; but x tj 1 0. Thusif we wish to evaluate
S(x); we seard for the largesti such that x t; > 0; then ewvaluate S;(x):



First Degree Spline Accuracy

The book has a fancy \theorem" with no content. | claim we can immediately seethat if
p(x) is the linear polynomial interpolating f (x) at the endpoints of the interval [a; ], then
for x 2 [a;b];

iF(x)  p(x)j maxfif(x) f(@)j;jf(x) f(jg:
Thusjf (x) p(x)j is no larger than the \maxim um variation" of f (x) on this interval.

In particular, if f {x) exists and is boundedby M on [a;b], then

00 P b a):

Similarly, if f °¥x) exists and is bounded by M on [a;b], then
. . M
i) P (b a):

Note this is better than polynomial interpolation, which may get worse as the number of
nodesis increased.

Second Degree Splines

Piecewisequadratic splines, or second degree splines are de ned similarly to the degreel
splines:

De nition 4 (Splines of Degree 2). A function Q is a spline of degree2 on [a; b if

1. The domain of Q is [a;b].

2. Q is continuouson [a; b].

3. QYs cortinuouson [a; b].

4. Thereisapartition a= tg< t; < ::: < ty = bsud that on[t;;tj+1], Q is a polynomial
of degreeat most 2.

Example 5. The following is a quadratic spine:
8

< X X 0
Qx) = x2 x 0 x 2
X2+ 7x 1 2 x

Unlik e degreel splines,degree2 splinesare not de ned ertirely by their valuesat the knots.
We considerwhy that is. The spline Q(x) is de ned by its piecewisepolynomials,

Qi(x) = ax®+ hx + ¢:
Thus there are 3n parametersto de ne Q(x):

For ead of the n subintervals, the data




give two equations regarding Q;(x); namely that Q;(t;) must equal y; and Q;(tj+1) must
equalyi+1 : This is 2n equations. The condition on cortinuity of Q° givesa single equation
for eah of the n 1 internal nodes. This totatls 3n 1 equations, but 3n unknowns. This
systemis underdetermined.

Thus someadditional user-ciosencondition is required to determine the quadratic spline.
One might choose,for example,QYa) = 0; or Q%°a) = 0; or someother condition.

Computing Second Degree Splines

Supposethe data
tfto]te]:i]tn
ylyolyr|:ti]yn

aregiven. Let z; = Qio(ti); and supposethat the additional condition to de ne the quadratic
spline is given by specifying zo: We want to be able to compute the form of Q;(x):

BecauseQ;(ti) = vi; QUti) = z; Qti+1) = zi+1; we seethat we can de ne

Zi Zi
Qi(x) = m& )2+ 2z (x )+ yi
Usethis at tj+1 :
_ Ziv1 Z 2 .
Yi+r = Qi(ti+1) m(tiu ti)“+ zi (tivx )+ Vis
| |
Zi Zi
Yisr  Yi = %(tm ti) + zi (tisx i),
Zi+1 + Zi
Yi+r  Yi = % (ti+1  t):
Thus we can determine, from the data alone, zj+; from z:
Yi+1 Vi
Zi+1 e U Zj

x7.2 (Natural) Cubic Splines

If you recall the de nition of the linear and quadratic splines, probably you can guessthe
de nition of the spline of degreek:

De nition 6 (Splines of Degree k). A function S is a spline of degreel on [a; )] if

1. The domain of S is [a; b].

2. S;5%509:::-s(k 1) are cortinuous on [a; b].

3. Thereis apartition a= tp < t; < ::: < t, = bsudc that on[tj;ti+1], S is a polynomial
of degree k:

You would also expect that a spline of degreek hask 1 degreesof freedom. That is if
n + 1 knots are given, the spline of degreek is de ned by n(k + 1) parameters. The given
data




provide 2n equations. The cortinuity of S¢S%::::Sk 1) at the n 1 internal knots gives
(k  1)(n 1) equations. This is atotal of n(k + 1) (k 1) equations. Thus we have
k 1 more unknowns than equations. Thus, barring somesingularity, we can (and must)
add k 1 constraints to uniquely de ne the spline.

Often k is chosenas 3: This yields cubic splines. We must add 2 extra constraints to de ne
the spline. The usual choiceis to make

S%to) = S%ta) = O
This yields the natural cubic spline.

Why Natural Cubic Splines?

It turns out that natural cubic splines are a good choice in the sensethat they are the
\in terpolant of minimal H?2 seminorm." The corollary following this theorem states this in
more easily understandableterms:

Theorem 7. Supposef hastwo corntinuous derivatives,and S is the natural cubic spline
interpolating f asknotsa=tg< t; < ::: <ty = b:Then
Zy Zy
S%x) Zdx f %0x) 2dx

a a

Proof. Welet g(x) = f(x) S(x): Then g(x) is zeroon the (n+ 1) knots t;: Derivativesare
linear, meaning that
f9%8x) = s%x) + ¢°t0):

Then
Zy Zy Zy Zy
f%0x) 2dx = SNPx) Zdx + °tx) Zdx+  25%x)g"x)dx:

a a a a

We shaw that the last integral is zero. Integrating by parts we get
Z z z

b b
SO%G%x = SO%G%ix;

a a

b b
S%Rx)g"tx)dx = s°%°
a a
becauseS°a) = S°Pb) = 0: Then notice that S is a polynomial of degree 3 on ead inter-
val, thus S°%) is a piecewiseconstart function, taking value ¢; on ead interval [t;;t+1].

Thus

Zy X 1Z b X1 o4
S%%ux = cgix= 6g =0
a i=0 2 B
with the last equality holding becauseg(x) is zero at the knots. O

Corollary 8. The natural cubic spline is best twice-corin uously di erentiable interpolant
for a twice-cortinuously di erentiable function, under the measuregiven by the theorem.



Proof. Let f be twice-cortinuously di erentiable, and let S be the natural cubic spline
interpolating f (x) at somegiven nodesftig’,. Let R(x) be sometwice-cortinuously di er-
ertiable function which alsointerpolatesf (x) at thesenodes. Then S(x) interpolates R(x)
at thesenodes. Apply the theoremto get
Zp Zp
S9%x) 2 dx R%x) Zdx

a a

An Example
We construct the natural cubic spline for the following data:

t| 1] 0|2
vl 3] 1]3

The natural cubic spline is de ned by eight parameters:

ax3+ bx’+cx+d x2[ 1,0]

S(X): eX3+fX2+gX+h X2[012]

We interpolateto nd that d= h= 1and

I
w

a+b ¢ 1
8e+4f +2g9 1

1
w

We take the derivative of S:
_ 3ax?+ 2bx+c x2[ 1;0]
st = 3ex?+ 2fx+g x2][0,2]
Continuity at the middle node givesc = g:
We take the secondderivative of S:

Bax+ 2b x2[ 1,0]

00\ —
%) = Gex+ 2f  x 2 [0;2]

Continuity at the middle node givesb= f: The natural cubic spline condition gives 6a+
2b= 0and 12+ 2f = 0. Solving this by \divide and conquer” gives

S(x) = x3+ 3?2 2x 1 x2[ 1;0]
- X3+ 3% & 1 x2[072]

Computing Natural Cubic Splines

Finding the constarts for the previous examplewas fairly tedious. And this is for the case
of only three nodes. We would like a method easierthan setting up the 4n equations and
unknowns.



The book doesa fairly good job of describing the algorithm. | seelittle value in covering
this in detalil in classbecauseits much more drudgework than ideas.

Here's the basic description: You want to nd the natural cubic spline, S(x) interpolating
the data:

tfto]te]:ii]tn

yl[yolye|:t:]yn

Dene z = S%t;). Other than zg = z, = 0; the z are not known up front and needto
be determined. Not surprisingly, you can write S;j(x) as some cubic polynomial involving
z;zi+1 and two constarts yet to be determined. When you usethe cortinuity of S;S° at
the internal nodes, the two constarts for eat S; are determined to be related to the data
ti; Vi in somedetailed way. This leadsto a symmetric tridiagonal system:

32 3 2 3
Ui hl 0 0 Z1 V1
hi uz hy 0 V4] Vo
0 h2 us 0 Z3 = V3 (2)
0 O 0 Un 1 Zn 1 Vn 1

The hj's and u;'s are easyto describe{they are related to the width of the intervals:
hi = tiza  ti; ui=2(hj 1+ hy):
The vj's are not so easyto explain, and involve the y; aswell.

To solve this system there are fancy methods for tridiagonal systems. It turns out that
naeve GaussianElimination works just ne in this case,however.

x7.3, 7.4 B Splines

The chapter on cubic splineswas weak. I'll talk a little bit about B splines. This is not
on the nal exam or the quizzes. It is interesting and useful, however, so you should pay
attention.

The B splinesform a basis for spline functions, which is where the name comesfrom. We
presupposethe existenceof an in nite  number of knots:

i< <t <tp<ti<ty< i
with limy1  te= 1 andlimgy te=1:
The B splinesof degree0 are de ned as single \blo cks":

1t x<tj
0 - i i+1
B (x) 0 otherwise
The zerodegreeB splinesare cortin uous from the right, are nonzeroonly on onesubinterval
[ti;ti+1), sumto 1 everywhere.



We justify the description of B splinesas basissplines: If S is a spline of degree0 on the
given knots and is continuous from the right then

X
S(x) = S(x)BX):

Amazing.
Then we can de ne the B splinesof degreek recursively:

Xt

tivker X
tivk G

B(x) = B 1(x) + Bl (X):

i k+1 tiv1
Thesequickly becomeunweildy. We focus on the casek = 1: The B spline B{(x) is

Piecewiselinear.
Continuous.
Nonzeroonly on (tj;ti+2).
1at tj1.

They're sometimescalled hat functions. Imagine wearing a hat shaped like this! Whatever.

The nice thing about the hat functions is they allow us to use analogy Harken bad to
polynomial interpolation and the Lagrange Functions. The hat functions play a similar role

because ( )
_ _ 1 (i+1)=j
Bll(tj) = (i+1)j — 0 (| + 1) 6 J

Then if we want to interpolate the following data with splinesof degreel:

tfto]te]:i]tn
ylyolyr|:i:]yn

We can immediately set

xn
S(x) = yiB{ 1(x):
i=0

x8.1 Ordinary Dieren tial Equations

We want to solve ordinary di erential equations,that is nd somex(t) suc that

P = ()
x(a) = c:

When f (t; x(t)) is somefunction that is independert of its secondvariable, for example
f(x)=t> t

the problem becomesan exercisein integral calculus. In this casewe have to solve

ax(t) — 42
g — t t

x(a) = c:

8



The solution is x(t) = 3t*  1t2+ K; whereK is chosensud that x(a) = C:

The problem can be considerablymore di cult whenf dependson its secondvariable.
Integration and "Stepping'

We attempt to solve the ODE by integrating both sides. That is

% = f (t;x(t); vyields
Z t+h Z t+h
dx = f (r;x(r)) dr; thus
t t
Z tah
x(t+h) =

x(t) + f (r;x(r))dr:

t
If we can approximate the integral then we have a way of “stepping' from t to t + h, i.e., if
we have a good approximate of x(t) we can approximate x(t + h).

If we usethe left-hand rectangle rule for approximating integrals, we get
x(t+ h) x(t) + hf (t; x(t)):

This is Euler's Method.

Trapezoidrule gives
x(t + h) x(t) + g[f (& x(t)) + f(t+ hyx(t+ h)):

But we cannot evaluate this exactly, sincex(t + h) appearson both sidesof the equation.
And it is embedded on the right hand side. Bummer. But if we could approximate it,
say by using Euler's Method, maybe the formula would work. This is the idea behind the
Runge-Kutta method (we cover this in x8.2).

Taylor's Series Metho ds

We seethat our more accurate integral approximations will be uselesssince they require
information we do not know, i.e., evaluations of f (t; x) for yet unknown x values. Thus
we fall badk on Taylor's Theorem. We can also view this as using integral approximations
where all information comesfrom the left-hand endpoint. kinda.

We recall that for analytic x

x(t+ h) = x(t) + hxqt) + %h2x°‘€t) o %hmx(m)(t) +
If we usethe approximation
x(t+ h)  x(t) + hxqt) + %h2x°‘€t) o %hmx(m)(t):
to solve the ODE, this is called a Taylor's series methal of order m:

9



Again we will usethe idea of “stepping.' h is the step width.
Euler's Metho d

When m = 1 we recover Euler's Method:

x(t + h) = x(t) + hxqt) = x(t) + hf (t; x(t)):

We look at this graphically in classfor the ODE
dx(t)

dt
x(0) =

X;

The actual solution is x(t) = e': Euler's method will underestimate x(t) becausethe cur-
vature of the actual x(t) is positive, and thus the function is always above its linearization.
We seegraphically that evertually the Euler's method approximation is very poor.

Higher Order Metho ds
Considerthe problem

dx(t) _ )
G = X+ €

x(0) = 1.

We usea Taylor's Seriesmethod with m = 3;

xqt) = 1+ €
x%t) = &
%) = &

We then have the step:

x(t+ h)  x(t) + hxqt) + %h2x°‘€t) + %h3x°°&) =x(t)+ h+ h+ %h2+ %h3 e<(®):

Errors

There are two types of errors: truncation and roundo. Truncation error is the error of
truncating the Taylor's seriesafter the m™ term. You can seethat the truncation error is
O h™*1 _ Roundo error occurs becauseof the limited precision of computer arithmetic.

Both of thesekinds of error can accurnulate: Sincewe step from x(t) to x(t+ h); an error in
the value of x(t) can causea greater error in the value of x(t+ h): It turns out that for some
ODEs and somemethods, this doesnot happen. This brings us to the idea of stability

x8.2 Runge Kutta Metho ds

10



Recall the ODE problem: nd somex(t) suc that

P = ()

x(a) = ¢c;

wheref ; a; c are given.

Recall that the Taylor's seriesmethod has problems: either you are using the rst order
method (Euler's method), which su ers innaccuracy, or you are using a higher order method
which requires evaluations of higher order derivatives of x(t); i.e., x%t);x°%); etc. This
makesthese methods lessuseful for the generalsetting of f being a blackbox function. The
Runge Kutta methods (don't ask me how it's pronounced) seekto resole this.

Taylor's Series Redux

Like all good numerical analysis, we fall bad on Taylor's series. In this casewe rely on the
2-dimensionalversion:

xq

i!
i=0

f(x+ hyy+ k) = h@@+ kg If(x;y):

The thing in the middle is an operator on f (X;y): The partial derivative operators are
interpreted exactly asif they were algebraic terms, that is:

@, @° o
ha* k@ fFocy) = f(y);
@, @' o _  axy . @Ky,
h@+k@ f(x;y) = h & + k @
@, @ o _ L@y @ (%) , 2@ ().
h@+k@ f(x;y) = hi@(2 +2hk7@(@/ +k7@2 ;
There is a truncated version of Taylors series:
. _ X1 e, e 1 @, @ "
f(x+hyy+k) = 0 h@+k@ f(x,y)+m h@+k@ f(x;y):

i=0
where (x; y) is a point on the line segmem with endpoints (x;y) and (x + h;y + k).

For practice, we will write this for n = 1:

f(x+hy+k) = f(xy)+hfx(xy)+ kfy(xy)+ % h?fx (6 y) + 2hkf xy (G y) + K?fyy (X )

Runge Kutta Metho ds

11



We now introduce the R-K method for stepping from x(t) to x(t + h): We supposethat
; ;W1; W, are xed constarts. We then compute:

K1
K2

hf (t; x)
hf (t+ h; x+ Kjy):

Then we approximate:
x(t+h)  x(t)+ wiKq+ wyKo:

We now examine the \prop er" choicesof the constarts. Note that w1 = 1;w, = 0 corre-
spondsto Euler's method, and doesnot require computation of K »: We will pick another
choice.

Also notice that the de nition of K, shouldberelated to Taylor's theoremin two dimensions.
Let's look at it:

Ko=h f(t+ h; x+ Ky
f(t+ h; x+ hf(t;x))

f+ hf (+ hffx+% 2h2f o (tx) +  Fh2fu(tx)+ 2h%f 2f . x(t; x) :

Now reconsiderour step:

x(t + h)

x(t) + wiK 1+ woKo

= x(t) + wihf + wohf + wo h 2f¢+ wo h%ff,+ O h®
= x(t) + (w1 + wo) hxqt) + woh?(f (+ ffy)+ O h® :
= x(t) + (wg + wo) hxqt) + woh? (f (+ ffy)+ O h® :

If we happento chooseour constarts sud that

Wi+t wy=1 Wo=_-= Wy

NI =

then we get

x(t + h)

x(t) + hx{t) + %hz(ft +ffy)+ 0O h®

1
x(t) + hx{t) + Ehzont) +0 h®;
i.e., our choice of the constarts makesthe approximate x(t + h) good up to aO h?® term,
becausewe end up with the Taylor's seriesexpansionup to that term. cool.

The usual choiceof constartsis = = 1,w; = wp = %: This givesthe second order Runge
Kutta methal:

x(t+h) x()+ gf (t; x) + gf (t + h;x + hf (t; x)):

12



Another choiceis = = 2=3;w; = 1=4;w, = 3=4: This gives

x(t + h) x(t)+—f(tx)+%f t+23h +@f(t X)

The R-K method of order two has error term O h® . Sometimesthis is not enoughand
higher-order R-K methods are used.

You can look in your textb ook for the R-K method of order 4, which haserror O h® . It
requiresfour evaluations of f at funny places.

The R-K method can be extrapolated to higher orders. Howewer, the number of function
evaluations grows faster than the accuracyof the method. Thusthe methods of order higher
than four are normally not used.

We already saw that wy; = 1;w, = 0 correspondsto Euler's Method. We considernow the
casew; = O;w, = 1. The method becomes

x(t+h) x(t)+ hf t+ g;x+ gf (t; X)

This is called the modi e d Euler's Method. Note this givesa di er ent value than if Euler's
Method was applied twice with step size h=2:
Examples

Example 9. Considerthe ODE:

x0= (tX)3 X
x(1) =1

|

Useh = 0:1 to compute x(1:1) using both Taylor's SeriesMethods and R-K methods of
order 2.

x9.1 Systems of ODEs
Recall the regular ODE problem: nd somex(t) suc that

S0 = F (6 x();
x(a) = ¢c;

wheref ; a;c are given.

Sometimesthe physical systemswe are considering are more complex. For example, we
might be interestedin the system of ODEs:
8

3 &0 = £ (4 x(1);y(1)) ;
dy(t) = g(t; x(t); y(1) ;

3 x(a) =q

. y(a) =d:

13



Example 10. Considerthe following system of ODEs:

8 ww _ 2
2 oo _ o,
W = y2ey
3 x(0) = L,
y(0)=10

You should immediately notice that this is not a systemat all, but rather a collection of
two ODEs:

and

Thesetwo ODEs canbe solved separately We call such a systemuncoupled. In an uncoupled
systemthe function f (t; x; y) is independert of y; and g(t; x; y) is independert of x: A system
which is not uncoupled, is, of course,coupled. We will not consideruncoupled systems.

Larger Systems

There is no needto stop at two functions. We may imagine we have to solve the following

dt

8
% Bl = £ (& xa(t); x2(t); 15 %Xn (1)) ;
B2 = £, (; xa(t); x2(8); 1153 Xn (1) ;

Bal) = £ (6 x2(t); x2(t); 25 xn (1)) 3
x1(a) = s1; X2(@) = Sp; :11;Xn(@) = Sp:

The idea is to not be afraid of the notation, write everything as vectors, then do exactly
the same thing as for the one dimensional case! That's right, there is nothing new but
notation:

Let 2 3 2 .3 2 3 2 3
X1 X3 fq S1

=8k xe=§d ref il s=§ 2

Xn Xg fn Sn

Then we want to nd X sud that
XO0=F (t; X)
X (a) = S:

Recasting Single ODE Metho ds

14



The framework is the sameasfor a single ODE: we know X (t); and want to nd X (t+ h):
The stepis de ned by approximating X by its linearization. Quite simply we let

X({t+h) X(@®)+hF (X ({1):

In fact, our generalstrategy of using Taylor's Theorem alsocarriesthrough with out change.
That is we can usethe ki order method to step as follows:

X (t+h) X @)+ hx )+ h—;x Q) + 100+ T(—Tx ) (t):

While we're at it, Runge Kutta works as well:
8
< Ki1=hF (t;X)
Ko=hF (t+ h; X + Kj)
X(t+h) X))+ 3K+ 3Kz
Its Only Systems

The fact we can simply solve systemsof ODEs using old methods is good news. It al-
lows us to solve higher order ODEs. For example, consider the following problem: given

x(a) = co; xYa) = c1; x%a) = cp; 111 x(" V(@) = ¢y 1
We can put this in terms of a systemby letting
xo=%X; X1 = xqxp= x%::1; xy 1= x(0D:
Then the ODE plus thesen 1 equationscan be written as

8
X0 (1) = f (& Xo(t); Xa(t); X2(t); 211 Xn 1(1))
% xJ(t) = xa(t)

x3(t) = xo(t)

g Xp o(t) = Xn a(t)
" Xo(&) = Co; X1(a) = €1; X2(8) = C2; 111 Xn 1(8) = €y 1
This is just a systemof ODEs that we can solwe like any other.

Note that this trick alsoworks on systemsof higher order ODEs. That is, we cantransform
any system of higher order ODEs into a (larger) systemof rst order ODEs.

Example 11. Rewrite the following systemasa systemof rst order ODEs:

S X0 = (t=y() + xqy) 1
YA = oy

x(0) = 1; x40) = O;y(0) = 1

15



We let xg = x; X1 = X% X5 = y; then we can rewrite as

S X0 = (=) + ) 1
xQ(t) = xa(t)

2 X0 = e

© x0(0) = 1; x1(0) = 0;x2(0) = 1

It's Only Autonomous Systems

In fact, we can usea similar trick to get rid of the time-dependanceof an ODE. Consider
the rst order system

S x§ = f1(tX1iX2511Xn)
% X9 = f2(tX1;X2; 11 Xn);
x3 = fa(tX1iX2;1:1Xn);
% X3 = fn (tX1;X2;105%n) 5
x1(a) = s1; X2(@) = Sp; i Xp(@) = sp:

We can get rid of the time dependanceand thus make the system autonomous by making
t another variable function to be found. We do this by letting xo = t; then adding the
equationsx = 1; and xo(a) = a; to get the system:

S 8= 1,
§ X9 = f1(Xo;X1; X255 %n) ;
X3 = f2(XoiX1; X211 Xn) ;
X9 = f3(Xo;X1;X2; 7515 Xn) ;
% X8 = (Xo; X1;X2; 5505 Xn) 5
xo(@) = a; x1(a) = s1; X2(@) = S2; ::1;Xn(a) = Sp:

Autonomous systemsare nice in that we can write them in the more elegarn form:

X0%=F (X)
X (a=S:

But autonomoussystemsare really nice becausewe can talk about their phasecurves

Essettially, you can considerX to be the position of a particle in R". This particle moves
over time. For an autonomoussytem of ODEs, the movemert of the particle is only depen-
dent onits current position, and not on the time. Thus one can conceiably draw the phase
curve, which is the path of the particle, asa curvein R".

Stabilit y

Maybe we will have time to considerstability:

16



Supposeyou had an exact method of solving an ODE, but had the wrong data. That is,
you were trying to solve

T = fx);
x(a) = ¢c;

but instead fed the wrong data into the computer, which then solved exactly the ODE

T = X))
x(a)=c+ :

This solution can divergefrom the correct one becauseof the di erent starting conditions.
We illustrate this with the usual example

dx(t)
dt

=X
The curvesfor di erent starting conditions diverge.

Howewer, if we instead considerthe ODE

dx(t) _ .
a -

which has solution x(t) = x(0)e *; we seethat di erences in the initial conditions become
immaterial.

It turns out there is a simple test for stability. If fx > for somepositive ; then the ODE
is unstable;if fy < for a positive ; the equation is stable. SomeODEs fall through this
test, howewer.

We can prove this without too much pain. De ne X(t; s) to be the solution to

&0 = f (4 x(1);
x(a) = s;

fort a:

Then unstability meansthat
@
tI!Ilm @x(t, s) =1:

Think about this in terms of the curvesfor our simple examplex®= x:

If take the derivative of the ODE we get

il
=
N2
I

f(t; x(t;s));

@2'1@@
z
1

gf (t; x(t;s)); e,

@
@
g@ - f@um%+na(t»@“$

x
—~
ot

n
~

I
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By the independenceof t; s the rst part of the RHS is zero, so

CC ) = fotxs)ELY

@@ @
We usecontinuity of x to switch the orders of di eren tiation:

@ @ @

——x(t;8) = fx(t; x(t; 8)) =x(t; S):

aG (ts) x(t; X(t; s)) @ (ts)

De ning u(t) = @C‘?x(t; s); and q(t) = f«(t; x(t; s)); we have

gua) = qtu(t):

The solution is u(t) = ceR®; where
z t
Q(t) = q(r)dr:

a

If q(r) = f(r;x(r;s)) > 0; then limQ(t) = 1 ; and solimu(t) = 1 : But note that
u(t) = @C‘?x(t; s); and thus we have unstability.

Similarly if q(r) < 0; thenthen lim Q(t) = 1 ; and solim u(t) = O; giving stability.
x10.1 Least Squares

Least squaresis a method of tting obsened data to a theoretical model function. In the
generalsetting we are given a set of data

X || xo | X1 ]t ] Xn
yyolyi|:ii]yn

and someclassof functions, F. The goalthenisto nd the\best'f 2 F to t to the data.
Usually the classof functions F will be determined by somesmall number of parameters;
the number of parameterswill be smaller (usually much smaller) than the number of data
points. The theory here will be concernedwith de nining \b est,” and examining methods
for nding the \b est” function to t the data.

Linear Least Squares

The linear caseis the easiest.In this caseF is the classof all linear functions. That is
F=ff(x)=ax+ bja;b2 Rg:
We can now think of our job as drawing the bestline through the data.

In the unlikely casethat the data points f (xi;yi)giL, are collinear, there is a clear bestline
through them. Howewer, this is unlikely.

Supposewe have somecandidate function f (x) = ax + b: Let the absolute error at the k™
data point be
jaxi + by

18



The total absolute error is the sum of all the errors:

X1 - .
jaxk + b yyj
k=0

One de nition of the bestline through the data points is that it is the onethat minimizes
this total absoluteerror. This is called the ", approximation; this approximation cannot be
solved with calculus and relies on other techniques.

Instead we look at another norm on the error. That is we seekto nd the function f (x) =
ax + b; where a; b minimize the “, error function:

X 2
(a;b) = jaxk + b yij
k=0

We minimize this function with calculus. We set

@ X
0= = = 2Xk (axk + b yk)
@ k=0
X
0= @ = 2(an+ b yk)
@ k=0

These are called the normal equations. Believe it or not these are two equationsin two

unknowns. They can be reducedto
X X
x¢a+  xyb

Xk Yk
X

Xka+ (n+ 1)b Yk

The solution is found by nasve GaussianElimination, and is ugly. Let
X

dll = XE

X
dip=dy = Xk
d22 = &4‘ 1

e = Xk Yk

X

€ = Yk
We want to solve

dija+ dpb = e

dyia+ dpb = e

GaussianElimination produces

_ Oxe dpe
dxpdi;  diodog
die  dye

dxpdi;  diodog
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The answer is not so enlightening asthe meansof nding the solution.

We should, for a momert, considerwhether this is indeed the solution. Our calculations
have only showvn an extrema at this choice of (a;b); could it not be a maxima?

General Least Squares

We now supposethat F is an m + 1 dimensional class. That is, there is some linearly
independert set of basis functions f g; (x)gjm:O such that

8 9
< =

X
F=_ f(X)= gg(X)jg2R;j=01::;m,
: i ;
To nd the best menber of F for a given set of data, we nd the ", approximation by
minimizing the function

20 1 35
X X
(coiciiiinicm) = 4@ gg(xA  wd
k=0 j
Again we set partials to zero and solve
20 1 3
@ X
0= @ 24@ g (x)A Vi gi(x)
k=0 j
This can be rearrangedto get 4
xn X
g (Xk)6i(X) ¢ = Yk @i (Xk)
j=0 k k=0
If we now let
X X
dj =  gxa(xk); &= YkGi(Xk);
k=0 k=0
Then we have reducedthe problem to the linear system(again, called the normal equations):
2 32 3 2 3
doo do1 doz dom Co €
dio diz  di2 dim C1 e
do da1 da dom C7=8 & (3)
dnmo dm1 dm2 dmm Cm em

The choice of the basisfunctions can a ect how easyit is to solwe this system. We explore
this in x10.2. Note that we are talking about the basisf g; gjm:O, and not exactly about the
class of functions F. A given class of functions will have more than one choice of basis
functions.

For example, considerwhat would happenif the systemof normal equationswere diagonal.
In this case,solving the systemwould be rather trivial.
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Example 12. We considerthe awfully chosenbasisfunctions:

do(X) 1 x? Sx+1

91(X) x3 + > 1 x%2+x +1

where is small, around macdine precision.

Supposethe data are given at the nodesxg = 0;x1 = 1;xp, = 1. We want to set up
the normal equations, so we compute someof the d; : First we have to evaluate the basis
functions at the nodesx;: But this examplewas rigged to give:

Jo(Xo0) = 1; go(X1) = 0; go(x2) =
G1(X0) = 1, g1(x1) = ; qui(x2) = 0

After much work we nd we want to solve

1+ 2 1 o Yo+ Y2
1 1+ 2 g Yo+ Y1

Howewer, the computer would only nd this if it had in nite precision. Sinceit doesnot,
and since is rather small, the computer thinks 2 = 0; and sotries to solve the system

11 C _ Yoty
11 C1 Yot Y1

When y; 6 y»; this has no solution. Bummer.

This kind of thing is commonin the method of least squares:the coe cien ts of the normal
equationsinclude terms like

gi (Xk)g (Xk):

When the g are small at the nodesxy; these coe cien ts can get really small, sincewe are
squaring.

Now we draw a rough sketch of the basisfunctions. We nd they do a pretty poor job of
discriminating around all the nodes.

Example 13. We considerthe casewhere m = 0; and go(x) = logx: This is homework
guestion 7.

x10.2 Orthonormal Bases

Recall the generalsetting of least squares:we are given a set of data,

X || xo | X1 ]t ] Xn
yvo|yi]:t:]yn
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and someclassof functions, F, which is spannedby the basisvectorsf g; (x)gjmzo, ie.,

8 9
< X =

F=_f(X)= gg®X)jg2R;j=01:::;m
' i

P
We found that the least squares\b est” function in F isf = ; ¢g; wherethe ¢ satisfy
the normal eguations:

2 32 3 2 3

doo do1 doz dom Co €

dip dip di2 dim C1 e

doo d2y  dy dom C7=@8 & (4)

dnmo dm1 dm2 dmm Cm em

where
xXn xXn
di =  g(xXK)a(Xk); &= Y8 (Xk):

k=0 k=0

We already sav how poor choice of basisvectors can lead to numerical problems. Roughly
speaking, if gi(xk) is small for somei's and k's, then somed;; can have a loss of precision
when two small quartities are multiplied together and rounded to zero.

Poor choice of basisvectors can also lead to numerical problemsin solution of the normal
equations, which will be done by GaussianElimination.

We now consider the casewhere F is the class of polynomials of degree m; and for
simplicity we supposethat all x;j 2 [ 1;1]: You might think to let gi(x) = x': This would
certainly give a basis for F. Howewer, this would be a poor choice of basis, as seenin
Figure 1.

The short answer is that you should use,as a basis, the Chebyshev Polynomials of the rst
kind, i.e., let gi(x) = Ti(x); where

To(x) =1, Ti(x)=x; T+ (X) = XTi(x) Ti 1(x):

Thesepolynomials are illustrated in Figure ??.
Alternativ es to Normal Equations

It turns out that the Normal Equations method isn't really so great. We consider other
methods. First, we de ne A asthe n m matrix de ned by the ertries:

aj = g(x), i=01::0n)=021::m:
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0 0.2 0.4 0.6 0.8 1

X

Figure 1: The polynomials x' for i = 0;1;:::;6 are shavn on [0;1]. These polynomials
make a bad basisbecausethey look so much alike, essetially .

05

05 |

X

Figure 2: The Chebyshev polynomials Ti(x) for i = 0;1;:::;6 are showvn on [0;1]. These
polynomials make a better basisfor least squaresbecausethey are orthogonal under some
inner product. Basically, they do not look like ead other.

That is 2
Go(X0) G1(Xo) G2(Xo0) Om (X0)
Oo(X1) 01(X1) G2(x1) Om (X1)
Go(X2) Qu(x2) G(x2) Om (X2)
A= 8 0o(X3) G1(x3) G2(x3) Om (X3)
Qo(Xa) Gu(Xa) G2(X4) Om (X4)
Oo(Xn) 01(Xn) G2(Xn) Om (Xn)
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We write it in this way sincewe are thinking of the casewheren  m; so A is\tall.” We
now let b bede ned by Iy = y;:

After someinspection, we nd that the Normal Equations can be written as:

A°Ac=A"h:

If c is avector represetting a function of F under the given basis,then the error, or residual,
assaiated with this function is given by

b Ac:
In our least squarestheory we attempted to nd that c that minimized
jjb Acjj5=(b Ac)” (b Ac)

We can seethis as minimizing the Euclidian distancefrom b to Ac: For this reason,we will
have that the residual is orthogonal to the column spaceof A, that is we want

A’ (b Ac)=0:

This is just the normal equations. We could rewrite this, howewer, in the following form:
nd c, r sud that
I A r _ b
A” 0 c 0
This is now a systemof n + m variables and unknowns, which can be solved by specialized
means. This is known as the augmentel form. We briey mertion that nasve Gaussian

Elimination is not appropriate to solve the augmerted form, asit is equivalent to using the
normal equations method.
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