Exam 1 Retake S 2004 M172 : Numerical PDE
Steven Pav SPAV@MATH.UCSD.EDU 2004/06/07

Name Student #

Instructions: Read all instructions carefully. Write your name and student number
above. Clearly indicate your answers & show all your work on your answer sheet. For
many problems partial credit is available. 5 Problems worth 100 Points.

Grading Notes: For those questions with multiple parts, please circle or box your
answers so that I do not have to search for them.

Hints:

cosf — 1 = —2sin?(6/2)

Problems. Show all work on your answer sheets. Partial credit is available.

P1 (10 pnts) State what it means for a problem to be “well-posed” for a PDE. Give an example
of a well-posed problem. Your answer should consist of both a PDE and the
problem.

P2 (30 pnts) Perform the following Fourier Analysis:

(a) Define the symbol “62” as follows: 2 Ui =at Uj'y, — 207 + UL . Assuming
Uy = NetBidr simplify (5,% UJ' in terms of \,3,4,n,k, Ax.

(b) Define the symbol “62” as follows: §2 Ul =at 45%U]” - 5§U]". Assuming
Uy = NetBidr simplify §2 Uj' in terms of A, 3, 7, n, Ax.
(We do this because (52U]”)/(3A:U2) is an O (Az*) approximation to ug, at
(@, tn).) o

(¢) Assuming Uy = \eBiAr  reduce the following finite difference scheme to
an equation involving A:

-y

21
At 3(Ax)25 Ui

(d) Find conditions on At, Az such that this scheme is stable, i.e., such that
|A| < 1. You may wish to use the fact that

0
0< 4sin2§ +sin?6 < 4.
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P3 (10 pnts) Complete the statement of Taylor’s Theorem:
Suppose f(x) has continuous derivatives on |a,b]. Then for x,x + h in [a,b]

n

fatn) = | 50700 | +

j=

105009,

where £ is some number between x and x + h.
P4 (15 pnts) (a) Use Taylor’s Theorem to derive a O (h?) difference approximation for f”(z).
(b) Suppose f(z) has the property that |f””(z)| < 12. Can you give a specific
bound for the error of the approximation you made above, i.e., find the
number K such that the error of your approximation is no more than Kh2.
P5 (35 pnts) Consider the PDE:

up 4+ 2txu, =0 x € R, > 0,
u(z,0) =up(zr) xeR.

We wish to solve this PDE for (x,t) € D =4¢ [0,2] x [0,2]. We will approximate
the solution with the FTBX scheme:
+1
urt =up ur—-ur,

Ax =0,

with a(z,t) = 2tz.
(a) Show that u(x,t) = ug (aze_t2> is a solution to this PDE.

(b) We define a curve (z,t) = (£(t),t) for t € [0,2], to be a characteristic curve
of uy + a(x,t)u, =0 if
ioa(g(t),t) =¢&(t) for t €]0,2].
ii. u(&(t),t) is constant for ¢ € [0,2].
Show that £(t) = e“t” defines a characteristic curve of this PDE for any c.
(c) What is the Domain of Dependance for the PDE at point (x;,t,)? (Hint:
it is a singleton.)
(d) What is the Domain of Dependance, at point (x;,t,) for this discretization
scheme?
(e) State the CFL condition. Does the CFL condition imply stability?
(f) Find a reasonably small K such that you can prove

0<a(x,t) <K

for (z,t) € D. (This should be simple.)

(g) Show that the CFL condition is satisfied for (zj,t,) € D when KAt < Azx.
(Hint: this is tricky. One way to do it is to prove that the Domain of
Dependence for the PDE at (x;,t,) is between x; — Kt, and z;, and go
from there. To prove this claim you might have to use some elementary
calculus, taking the derivatives of two functions with respect to t. There
may be other ways of proving this, however.)



