Final Exam Preparation

The following formulae will be provided on your exam:

a-b=aib; + asby + azbs axb= <a2b3 — agbo, azby — a1bs, a1by — a2b1>

la| = \/af +a5+a3  L(z,y) = f(a,b) + fu(a,b)(x — a) + fy(a,b)(y — b)
dA = dydz = rdrdf s = / IR(t)|dt  Duf=Vf-u  Vf={(fuf,)
D = feafyy — fyufoy  VF=AVyg.
Everything else must be committed to memory.

What follows are questions similar to your homework assignments. You should be prepared
to answer at least all these questions. In no way should you consider this list exhaustive.

1. Let @ = (1,0,1), b= (1,3,0) .
(a) Find |al.
answer: /2.
(b) Find a unit vector in the same direction as a.

answer: <%, 0, %>
(¢) Find 3a — 2b.
answer: (1,—6,3).
(d) Find a - b.
answer: 1.
(e) Find @ x b.
answer: (—3,1,3).
(f) Find a vector perpendicular to both a and b.
answer: (—3,1,3).
(g) Find the angle subtended by the vectors a and b.

answer: arccos L .
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(h) Find the component of a along b.
oL
answer: .
(i) Find the projection of a onto b.
answer: 1—10, %, ).

(j) Give a parametrization of the line through the point (3,4, 1) parallel to b.
answer: (3,4,1) +t(1,3,0).

(k) Give a parametrization of the plane through the origin that is parallel to both a
and b.
answer: —3xr +y—+ 3z =0.

(1) Give a parametrization of the plane containing the point (1,2, —1) that has a as
a normal.
answer: x + z = 0.

2. Let Ry(t) = (0,3,1) + t(2,1,—1) parametrize the line l3. Let Ra(t) = (1,2,1) +
t(2,3,0) parametrize the line l5. Let 3z — 2y + 5z = 1 describe a plane P.
(a) Find a vector parallel to [;. Find a vector parallel to ls.



answer: (2,1,—1),(2,3,0).
(b) Find a vector normal to P.
answer: (3,—2,5).
(c¢) Find the intersection of the two lines I1, l5.
answer: They do not intersect.
(d) Find the intersection of /; and P.
answer: (—4,1,3).
(e) Find the intersection of Iy and P. (Hint: it’s a trick)
answer: They do not intersect.
(f) Find the angle subtended by Iy, l5.
answer: Qoops! They do not intersect, so this question is more or less bogus.
I intended for you to find the angle between the vectors (2,1, —1) and (2,3,0),
which you do using the formula for dot product.
(g) Find the angle that [; subtends with the plane P.

, 1
answer: arccos ( 5 ﬁ)
(h) Find the distance from [y to the point (2,2,1).

answer: 7/2.

(i) Find the distance from Iy to P.
answer: +/2/19.

. Find the limits:

(a) }EI%)R( ), where R(t) = (t+1,5,t%).
answer: (1,5,0).

(b) hn(1)<51?t et t).
answer: (1,1,0).

(c) lim <4t—tg%, 5t + 4,In(1 + t)>
answer: <Z’4’ O>.

. Find R/(t) for

(a) R(t) = (t+1,5,t%).
answer: (1,0, 2t).

(b) R(t) = (4,7,1) x (t+1,5,¢*).
answer: (4,7,1) x (1,0,2t) = (14¢,1 — 8t, 7).

(c) R(t) = (arctant,sint,cost).

answer: cost, —sin t>.
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. Given R(t), parametrizing the position of a particle at time ¢, find the velocity, speed,
and acceleration of the particle. Find the arc length of the curve parametrized by
R(t) for 0 <t <1, for

(a) R(t)=(3,—1,4) +t(12,3,4).

answer: R/(t) = (12,3,4), |R'(t)| = 13, R"(t) = (0,0,0) , arc length is 13.
(b) R(t) = (3cost,3sint,4t).
answer: R/'(t) = (=3sint,3cost,4), |R'(t)] =5, R"(t) = (—3cost,—3sint,0),
arc length is 5.
= <\/_t et e >
answer: = (V2,el,—e7"), |R'(t)] = " + e', R'(t) = (0,e',e7"), arc



length is e — e~ L.

(d) R(t) = <§, 2, 2t> . (Hint: might be hard. try trig integral?)

answer: R/(t) = (t,0,2), |R'(t)] = Vt2+4, R"(t) = (1,0,0), arc length is
2v/5 + 8 arcsinh %
6. Given the acceleration of a particle and its initial position and velocity, find the
position of the particle. e.g.,:
(a) a(t) = (t*,—2t,cost),v(0) = (0,0,0) , R(0) = (1,2,1).
answer: <1—12t4 +1, —%t?’ + 2,2 — cos t> .
(b) a(t) = (3,3sint,3cost),v(0) = (1,0,0) , R(0) = (0,0,1) .
answer: <%t2 +t,3t — 3sint,4 — 3cos t> .
7. Given f(x,y), find the domain of f, evaluate f(1,3), sketch the graph of f or its
contours.
(a) f(z,y) =3z +2y —5.
answer: Domain is all reals, f(1,3) = 4, the graph is a plane, the contours are
parallel straight lines of the form y = — %x + k.

(b) flz,y) =4 -2 -y

answer: Domain is all reals, f(1,3) = —6, the graph is a paraboloid with a
global maximum at (0,0,4), the contours are concentric circles centered around
the origin.

(©) flz,y) = Va* + ¢
answer: Domain is all reals, f(1,3) = /10, the graph is a cone with a global
minimum at (0,0,0), the contours are concentric circles centered around the

origin.
(d) f(z,y) = 7vyl;:;+2; (Do not try to graph or find contours)

answer: The domain is y > 0,y # 1,y >z —2, f(1,3) = %
8. Find the limits, or show they do not exist:
li Ity
®) ooty 2
answer: The function is continuous at (1,1), so the answer is f(1,1) = 2.
b)  lim .
B) o) 5

answer: The function is continuous at (2,1), so the answer is f(2,1) = 2.
(2:y)=(0,0) 1TEHY

answer: The function is continuous at (0,0), so the answer is f(0,0) = 0.

d lim %Y,
@ (z,y)—(0,0) *TY

answer: The limit does not exist: With x = 0 taking y — 0 gives a limit of —1,
while fixing y = 0, and taking x — 0 gives a limit of 1. They do not match, so
the limit does not exist.

e lim

©) o T
answer: The limit does not exist: Taking x = y — 0 gives a limit of %, while
taking £ = —y — 0 gives a limit of —%. They do not match, so the limit does
not exist.

f lim =%

0 o0 7=



as (z,y) —>4(0,20) . This is not a good question for this class.
. x4y

®) o B
answer: The limit does not exist: With y = 0 taking x — 0 gives a limit of %,
while fixing x = 0, and taking y — 0 gives a limit of co. They do not match, so
the limit does not exist. This is not a good question for this class.

The last two are harder.
9. Given f(x,y), find Vf, and find partials frz, foy, fyy :

(a) flw,y) = 302+ ya.
answer: Vf(x,y) = (62 +y,2), foa =6, foy =1, fyy =0.

(b) f(z,y) = sin(zy).
answer: I had incorrect answers here before-the mixed partial f;, was wrong.
Here’s the correct versions: Vf(z,y) = (ycos (zy),x cos (2y)), foe = —y*sin (zy),
faoy = coszy — yasin (vy) , fyy = —2?sin (zy).

(©) f(,y) = (wy + cos)’
answer: I completely dropped the ball on the original answers to this one. Here’s
the correct versions: Vf(x,y) = <3 (zy + cosz)? [y — sin ], 3 (zy + cos z)? :E> ,

answer: On its domain, this function is equal to which tends to infinity

foz = 6 (xy 4 cosz) [y — sinz]® + 3 (xy + cos z)? (— cos z),
foy = 6 (xy + cosz) [y — sinz] + 3 (zy + cosx)?, fyy = 6 (zy + cos x) 2.
10. Given a function f(z,y), and a unit vector u, find the directional derivative of f in
the direction of u, Do f(z,y). e.g.,:
(@) flz,y) = (<E14— ) u=(31).
answer: —5= (x—y).
(b) f(z,y) =z +zy+y*u=/(0,1).
answer: x + 2y.
(©) f(zy) = sin (y), u= (L, L), at the point (z,y) = (0,7).
answer: %
11. Given f(z,y) and a point (z¢, o), find the direction and rate of maximal increase of
f at (zg,y0). Find the plane tangent to f at (xg,yo); find the linearization L(z,y) of
f at ($07y0)' €.9g.:
(a) f(:z"a y) = 12 + y27 (x())y(]) = (170) .
answer: Direction is (2,0), rate is 2, L(z,y) = 14 2(z — 1)
(b) f(ma y) = ($ - y)2 ) ($07y0) = (_17 _1) .
answer: Direction is (0,0) , rate is 0, L(x,y) =0
(C) f(:z"a y) =3+ $y2, (x())y(]) = (17 1) .
answer: Direction is (1,2), rate is /5, L(z,y) =4+ (x — 1) +2(y — 1)
(d) f(z,y) =sin(zy), (zo,y0) = (0, 7).
answer: Direction is (m,0), rate is m, L(z,y) =0+ 7(z — 0)
12. Use the linearization of f(x,y) about (z¢,y0) to approximate f(x,y) at (z,y) near
(x()uy())' €.g.y
(a) With f(z,y) = (x — ), (x0,%0) = (1,1), approximate (1.1 — 0.8)%.
answer: Qooops! L(z,y) = 0, so the approximate value is L(1.1,0.8) = 0, not
a good approximation.
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(b) With f(z,y) = ¥z + v, (z0,y0) = (2,6), approxnmate VvV21+6.1
answer:  L(x, y) =2+ 4 (@-2+ 4 (y—6), so the approx1mate value is
L(2.1,6.1) =2+ 60'

13. Use the chain rule to find derivatives and partial derivatives. e.g.,:

(a) f(l‘;y) = (517‘1‘3/)2 y L= etyy = \/E7 find %
answer: % = (et + \/1_5) [et + 2%/;]

(b) f(z,y) =sin(xy),z = st,y =t + s2, find af , and ﬁ.
answer: f = cos (st [82 + tz]) [33275 + t3], df = cos (st [82 + tz]) [37523 + 53],

() flx,y,2) = (:17 +y? 4z ) z=scost,y = ssint,z = s, find 2 asv and %
answer: % = 4855, % =0.

14. Given a function f(x,%), find all its critical points in R?. Apply the second derivative
test to see if each critical point is a max, min, or neither. e.g.,:

(a) flz,y) = (2 +v)".
answer: Critical points: (0,0), a local (and global!) minimum.
(b) fla,y) = (2% - y?)".
answer: Critical points: (0,0), neither a min nor max.
(c) flz.y)=(zy) (x+y).
answer:  Critical points: (0,0), second derivative test is inconclusive (i.e., we
get D = 0).
(@) fle,y) = (1 —a—y) (@ +).
answer: Critical points: (%,
min.

15. Given a function f(x,y) and a closed bounded set D, find the extremal values of f
on D. Do this by first finding the critical points inside D, then finding the extremal
values of f on the boundary of D; in the case that the boundary is simple, this can
be done by substitution; if the boundary of D is a level curve of a function g(x,y),
use the method of Lagrange Multipliers. e.g.,:

(a) f(z,y) =2+ xy+y, D is the triangle with corners (0,0), (3,0), (0,2).
answer: There are no critical points in D. The maximum value is at (3,0) where
f takes Value 3; the minimum is at (0,0), with value 0.

(b) flx,y) = 4+2x+y, D is the disc 2% + y% < 1.

answer: 'There are no critical points in D. The maximum value is at ( L \f)

%) which is a saddle point, neither a local max or

where f takes value 4 + v/5; The minimum value is at ( et f) , where f takes
value 4 — v/5;

(¢) f(z,y) = xy, D is the ellipse 22 + 4y? < 4.
answer: There is a critical point (0,0) in D, but it is a saddle point by the
second derivative test. By Lagrange Multiplier Method, the maximum value of

V2 is achieved at the points (\/5, @) , and <—\/§, _T\/i> , while the minimum
value of —/2 is achieved at the points <—\/§, @) , and (\/5, _T\/E> .

(d) f(x,y,2) =2z +y— z, D is the ball 22 4+ y? + 22 < 9.
answer: There are no critical points of f. By Lagrange Multiplier Method, f



takes a maximum value of 2 <\/_+ 3/ > , at the point <f V/3/2,—+/3 )
while it takes its minimum value of —2 <\/€ + 3/ 2) , at the point <—\/_, —+/3/2, \/3/2) .

16. Given a function f(z,y) and a rectangle R, evaluate

/ f(z,y)dA
R

(a) f(z,y)=x+y,R=1[0,1] x [2,3].
answer: f01f23 x4y dydx = 3.
(b) f(z,y) =xsiny, R =1[0,1] x [0, 7].
answer: folfo7T xsin y dydz = 1.
(c) flz,y)==/y, R=1[0,1] x [1,2].
answer: f01f12 z/y dydzr = 3 In2.
(d) f(x,y) = cos (a: + 2y) R =10,7] x [0,7/2].
answer: [ fo cos(x + 2y) dydz = —2.
17. Given a function f(x,y) and a general region in the plane, D, evaluate

é flz,y)dA

(a) f(z,y) =z+y,D= {(m,y) | 22 +y? < 4} . (actually this is easy by symmetry
considerations. )
answer: fo fo rcos(f) + rsin(6)) rdodr = 0.

(b) f(x,y) =z —y, D is the triangle with corners (0,0), (0,5), (3,2).
answer: fo?’f%_x x —y dydx = —10.

(c) flz,y) = \/1 — 22, D is the trlangle with corners (0,0), (1,0), (1,1).
answer: fo Jo V1 —2? dyda = fo V1 —22dz = 3.

(d) flx,y) = (z— ) , D i 1s the reglon between the curves y =22 and y = z.
answer: folf;z (z —y)* dydz = fo V1 —22dz = 1357

18. Given a function f(z,y) and a general region in the plane, D, interpret the integral

é f(z,y)dA

as a polar integral and solve. Note: you should be able to recognize when it is
appropriate or beneficial to evaluate a double integral in polar coordinates. e.g.,:
(2) f(z,y) ="+ D ={(x,y) | 2? +4? < 9}.
answer: f03f027r e’ rdodr = (e? —1).
(b) f(z,y) =2,D={(z,y)|2a*+y* <L, y>a}.
answer: fo f57r/4 2rdfdr = 7.
(c) flz,y)=z+y,D={(z,y)|y>0,4<2®+y*<9}.
answer: f;’fo7T r (cos @ + sin @) rdfdr = 4.
(d) flz,y) =22 +y2,D={(r,0)|0<0 <m/4,0<r <cos26}.
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answer: Oﬂ/ OCOS rrdrdf = %.



19. Given a density function p(z,y) for a lamina in the plane, D, find the center of mass
of the lamina. e.g.,:
(a) plz,y) =z +y+2,D={(z,y)| 2* +y* <1}
answer: First we find the mass: [}, p(z,y)dA = 27. Then & =
L. Similarly § = L [, yp(z,y)dA = £. So the center of mass is (3, 5).
(b) p(z,y) =2,D = {(m,y)| 0<z<1, ogyng}
answer: First we find the mass: [, ,0 z,y)dA = 2. Thenz = L ffé)
3. Similarly g = L [, yp(z,y)dA = 3. So the center of mass is (5, 3
_ 1 _ 2 :
(c) plx,y) = 7—m2+y2,D = {(z,y) | 0<z,1<az’+y*><4}. (Hint: try convertlng
to polar integrals?)
answer:  First we find the mass: [[,, p(z,y)dA = [] fwﬁz ~rddr = T =
L [fpap(z,y)dA = 2. Similarly § = L [/, yp(z,y)dA = 0. So the center of
mass is (%,0).
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20. Given a function f(z,y,z), and some general region B in three space, evaluate

/B/ f(z,y,2)dV

(@) f(z,y,z) =14y, B={(z,9,2)|0<2<1, 0<y<2 1<2<2}.
answer: f01f02f121+wydzdydx: f01f021+wydydx: f012+2xda::3.
(b) f(m,y,z):yzcos(:n5), B={(z,y,2)|0<2x<1,0<y <z z<z<2x}.(This

is §15.7 #8)
answer: fo fo 2 yzcos xz° dzdydx = fo fo 2x ycos z° dydz = fo 4:17 cosz® dx =
56 Sin 1.

(¢) flx,y,z) =2z, B={(2,9,2)|0<2<1,0<y<z, 0<z<6—z—y}.
answer: folfoxf06_x_y xzdzdydr = folfom £(6—x—y) dydr = fol 322323 dr =
13
E-
21. On the real exam you may not be told what technique is appropriate for a given prob-
lem; you must decide this for yourself. In this category are the following miscellaneous
problems:

(a) Find the volume of the tetrahedron with corners (0, 0, O), (2,0,0), (0,1,0), (0,0,3).
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answer: This is fo fo 2f0 1dzdydx = fo fo w dydz =
gl dr=1.

(b) Find numbers a, b, ¢ with a + b+ ¢ = 100, such that a?bc is a maximum.
answer: Maximize the function f(a,b) = a?b (100 —a — b). Find that it has a
maximum at a = 50,b = 25. Then ¢ = 25.

(c) Let p(z,y,2) = 2%y + 2%z represent the density of plankton in the ocean. A
whale is located at the point (1,2,0). In which direction should the whale move
to maximize the increase in plankton concentration?
answer: The gradient is the direction of maximal increase. In this case we have
Vp(z,y,2z) = <2:L"y + 22,22 2z:n> At the point (1,2 O) this takes value (4, 1,0) .
To denote a direction, we unitize this vector to get \/— (4,1,0).



