Solutions To Homework 2
Math 172 - Spring 2005

2. Using Taylor’s theorem we can write

h2
1 u(@ + ha,y) = u(@,y) + hua(2,y) + 7 taa(2,) + O(hY)
h2
(2) uy = uo + hyug(2,y) + iuzx(xay) +O(h)
U U h
(3) B = e T @)+ St y) + O()
Similarly, we can expand us = u(z — hs,y) in terms of ug = u(x,y):
—h<)? )
W (e — ha,9) = ula,0) — e ) + () + O(R))
h2
(5) Uz = Up — hSUz(zv y) + ?Suzz(xa y) + O(hg)
us o (27)

hs )
(6) B = o Ug(,y) + 5 Uge (2, y) + O(h3)

Now if we add (3) and (6) we’ll eliminate the u,(z,y) term to get an approximation for u,,(x,y) in term of ug = u(x, y),
uy and ug.
Ul us B (%) Ug hl + hS

= 2 Y _J v h2 h2
(7) hl h3 hl h3 2 u (x,y) + O( 1) + O( 3)
hi+h — _
(8) RS () = 2T LY L o)+ o(h2)
2 hi hs
_ 2 ug — U1 ug — us
) Uy (T, Y) = Wt < T e ) + O(h1) + O(h3)
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10 Uge (T, Yy) = — ug + uy + uz + O(h1) + O(h
(10) (@) hihg ° hi(hy + h3) ! hs(hy + hs) 3 (k) (hs)
Similarly,
(11) (2,9) = ———ig + ——2 2 + O(hs) + O(ha)
o ) T h T (e + ha) 2 ha(hs + he) 2 4

and we finally arrive at the approximation

1 1 2 2 2 2
20 (2, ) + gy (2, y) = —2 + + + + +
Uaa (T Y) + tyy (2, 9) (hlhg h2h4> O i (hy + hs) T ha(ha + ha) 2 ha(hy + h3) T ha(ha + ha)
(b) If hy = hy = h and hy = hy = k, the approximation reduces to
1 1 1 1 1 1
(12) Upg (T, Y) + Uyy (2, y) = —2 72 + 72 ) o + 72U + T2l + 72 Us + Tl

U1—2’ILQ+U3+’M2—2’UQ+U4

(13) = 2 2

Compare this to equation (2.1.13) in the notes.
(c) If hy = hg = hg = hy = h, we get the usual five point star difference formula for the Laplacian (2.1.12 in the
notes):
—dug + uqp + ug + usz + ug
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3.(5) Let z_ = (0 =01) — ilk=Om/(n+1) and z, = Ok +0) — gilktD)m/(n+1) " Then

(14) 2L = i Ok =00 (n+1) — ik — cog(k — )7 + isin(k — I)7 = {It i Z :5 i: ijn

and

(15) 21D = OO (D) ik T et il et

because e'?!™ = cos(2Im) + isin(2(7) = 1 for any integer I. If k — [ is even and nonzero (so that z_ # 1), then apply

part (4) and equation (14) to get

n n z Z4 11—z
Z =~ Z “+ z4e — 1 ze —1
(6) Rationalize the denominator:

zy+1 oz +1 Zr -1 zpzp+zy—zp — 1 P — 14 2iS(24)

16 = . = =
( ) Z+*1 Z_‘_*l Z*l Z_‘_Z*Z_F*Z*Fl |Z+|2*2§R(Z+)+1

where & denotes the imaginary part of a complex number: J(a+ib) = b. Since |zy|? = 2, 75 = /(@00 =00 — 1
equation (16) becomes
= =1

z4+1
z+71

Now, if k — [ is odd, then 2"*' = 2! = —1 by (14). Apply parts (3) and (4) to get

a strictly imaginary number. Therefore, [ } = 0, and similarly for z_.

(17) v.v_%_ziﬂ_zur_z@rl_z, R -z 11—z % z-+1 2z +1 —0
T zp — 1 z——1 N zyp —1 2 —1] 2 —1 zp—1]
(7) (Bonus)
(18) Vi VK = lm Xn: et(0k—0k) _ Xn: el (Ok+0k) | — 1§R Zn:eo _ zn: eii20k | — 1% Xn: 1—(-1)| = n+1
= 3=t 2= =1 S =t 2

where E?Zl 2% = —1 by using the result of part (5).



