Solutions To Homework 4
Math 172 - Spring 2005
2. For U} = Me'mh we have
82U = Ul —2U3 + U._| = NePmtDh _gpieifnh 4 \igifn=Dh — yigifnh (eibh _ g9 4 ¢=i0h)
= U] ( — 4sin®(Bh/2))
Similarly,
S2UST = UIA( — 4sin®(Bh/2))

S2Uit = Ujl( — 4sin®*(Bh/2))

D)
(1) Inserting U7 = M e into the scheme we get
1 4
\UZ — XUg = gUg( — 4sin*(Bh/2)) [A +1+ i]
NI - Ui = gUg( — 4sin®(8h/2)) [A2 + A+ 1]

X2 — 1= 2(— 4sin’(8h/2)) [\ + A+ 1]
NM-l=a[A+A+1]
0=(a—1D)XN+ar+(a+1)

«a a+1

A
a—1 + a—1

where o = £( — 4sin*(8h/2)) < 0. We need to show that |[A| < 1. We do this using the “amazing fact” involving

roots of the equation 22 + bz 4+ ¢ = 0. Since o < 0 we have

0=\ +

1-2a > 1 > -1
l—-a > a+1 > a-—1
G A ]

S -1 =S

(The inequality flips because a — 1 < 0.) Thus, |¢| =

g—ﬂ‘ < 1. We also have

—3a > 0 > «

—2a > « > 2«
“(@a-1)-(at+l) > a < (a-1)+(+1)
717a+1 < a < 1+a+1
a—1 a—1 a—1

—c < b < ¢

Therefore, the two roots are on or within the unit circle in the complex plane (i.e. [A] < 1).
(2) For this scheme we have

(/\ - i) Ul =Ui % (— 4sin®(3h/2)) {)\ Ny ﬂ

1 1
= 44+ =
A 3 a[)d— +/\}
M —l=a[N+4r+1]
0=(a— 1A +4ar+ (a+1)

4 1
0= A2 4 -2y of
a—1 a—1
where o = % (—4sin*(Bh/2)). In this case, |c| = %‘ <1 again, but
200 <0
da<2a=(a—1)+ (a+1)
4 1
[ R e N
a—1 a—1

Thus at least one root |A\| > 1 and the scheme is unstable for any s.



