
2005S M172 Homework 2

This homework is due April 20 in class.

1. Approximate the solution to the elliptic PDE:
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uxx + uyy = sin(πx) cos(πy) on [0, 2] × [0, 3]

u(0, y) = y for y ∈ [0, 3]

u(2, y) = y + 1 for y ∈ [0, 3]

u(x, 0) = 3x for x ∈ [0, 2]

u(x, 3) = x2 − 3
2x + 3 for x ∈ [0, 2]

Use finite differences. Let ∆x = ∆y = 1. You should have 12 degrees of freedom, 10 of which
are determined by the boundary condition. This reduces the problem to two equations in
two unknowns.

2. Do problem 2.1 of the notes [1].

3. Let n be a largeish integer, let k, l be integers with 1 ≤ k, l ≤ n. Define

θk =
kπ

n + 1
and θl =

lπ

n + 1

Recall that λk = 2 − 2 cos θk, and λl = 2 − 2 cos θl are eigenvalues of
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2 −1 0 · · · 0
−1 2 −1 · · · 0
0 −1 2 · · · 0
...

...
...

. . .
...

0 0 0 · · · 2
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with associated eigenvectors vk, vl where
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
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sin (1θk)
sin (2θk)
sin (3θk)

...
sin (nθk)
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and vl =


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sin (1θl)
sin (2θl)
sin (3θl)

...
sin (nθl)
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Your job is to show that vk and vl are orthogonal. This would then imply that the collection
{vi}

n
i=1 form a basis for R

n. To do this, assume k 6= l and show vk · vl = 0.

1



1. (Easy) First show that

vk · vl =

n
∑

j=1

sin (jθk) sin (jθl)

2. Now use trig identities to prove that

sin (a) sin (b) =
1

2
[cos (a − b) − cos (a + b)]

3. Use the previous two parts and the fact that cos(x) = <
(

eix
)

to show that

vk ·vl =
1

2

n
∑

j=1

<
(

eij(θk−θl)
)

−<
(

eij(θk+θl)
)

=
1

2
<





n
∑

j=1

eij(θk−θl) −
n

∑

j=1

eij(θk+θl)





where < denotes the real part of a complex number: < (a + bi) = a.

4. (Easy) Show that, if z 6= 1 then

n
∑

j=1

zj =

{

zn+1
−z

z−1 if z 6= 1

n if z = 1

(Gauss reputedly proved this at the age of ten.)

5. Let z
−

= ei(θk−θl) and z+ = ei(θk+θl) = z
−
ei2θl . Show that if k − l is even and

nonzero, then zn+1
−

= zn+1
+ = 1, and so

∑n
j=1 zj

−

=
∑n

j=1 zj
+ = −1. Argue that

vk · vl = 0 in this case.

6. (Harder) If k − l is odd, show that zn+1
−

= zn+1
+ = −1, and thus

vk · vl =
1

2
<

[

z+ + 1

z+ − 1
−

z
−

+ 1

z
−
− 1

]

Argue that

<

[

z+ + 1

z+ − 1

]

= <

[

z
−

+ 1

z
−
− 1

]

= 0.

Do this by rationalizing denominators, i.e., prove that

<

[

(z+ + 1) (z+ − 1)

(z+ − 1) (z+ − 1)

]

= 0,

and similarly for z
−
.

7. (Bonus) Show that vk · vk = (n + 1)/2.

8. Consider yourself a Fourier Analysis Wizard.
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