2005S M172 Homework 6. This homework is due Monday, May 23.
1. Do problem 5.1 of the notes [1].

2. Consider the Jacobi iterative method for solving the system of n equations
Ax =b

It works as follows: let (©) be some starting guess of the solution. Let w be some preselected
weighting. Let Q be the diagonal matrix whose diagonal is the same as that of A. Then
implicitly define **1) as follows:

Qz ) = (Q — wA) ¥ 4+ wb

1. Show that the Jacobi method can be implemented as follows:
o Set y =z,
e Fork=1,2,.... K
Set & = y. (We will compute *) as y, and let = hold z*~1).)
For j=1,2,...,n,
yj =+ o5 (b — iy ajimi) -

e Output y as (5.

2. Suppose your job is to solve Bpx = b, where By, is defined to be (1/h2)B, and

-2 1 0 0

1 -2 1 0

B = 1 -2 0
. 0 0 O -2 |

Recall that the n x n matrix B has eigenvalue —4sin?(6/2) with eigenvector vy, =
[sin (16y,) , sin (203,) , ... ,sin (ndy)] ", where 6;, = nk—fl for any k, 1 <k <n.
Taking Q to be the diagonal of B}, show that

| —wQ !B, =1+ (w/2)B
3. The requirement
1= wQ "Bu||, <1

is sufficient to prove convergence for the Jacobi Method. Show that any w € (0,1)
gives this inequality. (Recall that ||C||, is the largest, in absolute value, eigenvalue

of C.)



4. Implement the Jacobi Method in your favorite programming language. Here’s a hint
if you're going to use Matlab:
function y = jacobi(A,b,omega,x0,K)
% run jacobi to get approximate solution to Ax=b,
% starting with x0, using weighting omega and returning x~ (k)
% written for clarity, not for speed...

% initialization

[n,m] = size(A);
for k = 1:K
X =y;
for j = 1:n
y(j) = x(j) + (omega/a(j,j)) * (b(j) - a(j,:) * x);
end
end

PLEASE WRITE YOUR OWN CODE. NO JOKE.
5. Test your code on the following problem: let n = 40 (or bigger), let

L = [sin(16,),sin(26,,),sin(30,,), . . . ,sin(nd,)] "

and define b by b = By, = —(4/h?)sin?(6,,/2)x . Use your code to attempt to
solve Bhz = b. Let your starting vector £(®) be a random vector with elements in
[—1,1]. Let w=2/3.

Because you know @, you can easily find the error of your approximate: e®) =
x®) — ¢,;. Plot the vector e®) for k = 0,1,2,5,10,20,50. Can you see why this
iterative process is called a “smoother”?

6. (Bonus) Because x4, is an eigenvector of the system we are trying to solve, it seems
like we could exploit this information to choose a really good w. Is this true? Can
you find an w such that your code converges really quickly?
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