2005S M20C Final Exam Preparation

The final exam is Friday June 10, from 8:00am-11:00am. The exam will be held in the
Mandeville Auditorium, in the Mandeville building. This is not our regular meeting place.
You are warned. You must bring a blue book to the exam. Blue books are available from
the bookstore. You also need to bring your student ID card or other form of ID (driver’s
license, passport, etc.) The exam is comprehensive: it covers all material from the quarter.
There will be slightly more emphasis on material covered since the second midterm, that is
§15.2-15.5, 15.7, 12.7, and whatever of §15.8 we get to in class on the last day.

You will have three hours to complete the final exam. It is, however, only about 50% longer
than either midterm. So you should have plenty of time to complete the exam. The final
exam is worth approximately 60% more than either of the midterms, thus it is based on 160
points. Thus one point on the final is about equal to one point on a midterm. A question
which was worth about 15 points on midterm 1 would be worth the same on the final.

You may not use a calculator or notes during the exam.

The following formulae will be provided on your exam:

a-b=aib; + asby + asbs axb= <a2b3 — agbs, agby — a1bs, a1by — a2b1>

la| = \/ai +a3+a3  L(x,y) = f(a,b) + fula,b)(z — a) + fy(a,b)(y — b)
s= [IR@|dt Duf=Viu  VF={fuk)) D= fusbi fue
dA = dzdy = rdrdd dV = dzdydz = rdrdfdz = p?sinpdpdepdo

Everything else must be committed to memory.

This exam preparation sheet is comprehensive. It includes the two midterm prep sheets as
well as a prep sheet for material since the last midterm.

You should be prepared to answer at least the following questions:
1. What’s the difference between a scalar and a vector? Describe the input and output
types of common operations.

Answer: A vector comprises a direction and a scalar magnitude. A scalar can be conceived
of as a vector in 1 dimension, and thus has trivial direction (i.e., in the positive direction).
The magnitude (or length) of a vector is a scalar. Scalar multiplication takes a scalar and
a vector and produces a vector. The dot product takes two vectors and produces a scalar.
The cross product takes two vectors and produces a third vector.

2.(§12.1) Let P = (2,3,1),Q = (4,-2,5).
1. What is the “position vector” of P?

Find the distance from P to Q.

Find the vector from P to Q, PQ.

Find the distance from P to the origin.

Find the distance from P to the xy plane.
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Find the equation of the sphere centered at P with radius 5.



7. Find the equation of the sphere centered at ) such that P is on the sphere.
Answer: 1. The vector (2,3,1).

2. \/45.
3. (2,-5,4).
4. V14,
5. It is just the z coordinate, 1.
6. (z—2)%+(y—3)72+(z—1) =25.
7. (x—4)>%+ (y+2)°+ (2 - 5)* = 45.
3.(§12.2-12.5) Let a = (1,0,1), b= (1,3,0) .
1. Find |a.
2. Find a unit vector in the same direction as a.
3. Find a +b.
4. Find 3a — 2b.
5. Find a - b.
6. Find a x b.
7. Find a vector perpendicular to both a and b.
8. Find the angle subtended by the vectors a and b.
9. Find the component of a along b.
10. Find the projection of a onto b.
11. Give a parametrization of the line through the point (3,4, 1) parallel to b.
12. Give an equation of the plane through the origin that is parallel to both a and b.
13. Give an equation of the plane containing the point (1,2, —1) that has a as a normal.
14. Find the angle subtended by a and a x b.
15. Is a parallel to b? Are they perpendicular?
16. Find a vector parallel to a.
Answer: 1. V2.
2 (J5.05)
3. (2,3,1).
4. (1,-6,3).
5 1
6. (—3,1,3)
7. (=3,1,3).
8. arccos (ﬁ)
9. .
10. (£,3,0).

11. (3,4,1) +t(1,3,0).
12. —-3z+4+y+32=0.



13.
14.
15.
16.

r+2z=0.
It should be /2.
They are neither parallel nor perpendicular.

(1,0,1), for any [ # 0, is parallel to a.

4.(8§12.2-12.5) Let uw = (1,2,-3), v = (—=2,4,1) , w = (—3,0,1).

1.
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Find 5u.

Find u - u.

Find |ul.

Find a unit length vector in the same direction as w.
Find |au|, where « is a real number.

Find u - v.

Find the angle subtended by v and v.

Find v x w.

Find a vector perpendicular to both v and w.

Find a unit length vector perpendicular to both v and w.

. Find u x v.
. Find w- (u x v).
13.

Find v x u.

Answer: 1. (5,10,—15)

2.

10.
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V14

(1/VTd)u = (1/V14,2/VI4, ~3/VId).
o] VI

—24+8-3=3

arccos (u - v/ |u||v|) = arccos (3/v14v/21) ~ 80°
vxw=(4,-1,12)
v X w is perpendicular to both v and w.

vxw/|vxw|=(4,-1,12) /V/161 = (4/V/161,—1/V161,12/V161).

5.(812.5) Let R1(t) = (0,3,1) +t (2,1, —1) parametrize the line /1. Let Ro(t) = (1,2,1) +
t(2,3,0) parametrize the line l5. Let 3z — 2y 4+ 5z = 1 describe a plane P.
1. Find a vector parallel to /1. Find a vector parallel to Is.

2. Find a vector normal to P.

w
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Do the lines 1,15 intersect? If so, find their point of intersection. If not, are they
parallel, or are they skew?

Find the intersection of [; and P.

Find the intersection of Iy and P. (Hint: it’s a trick)
Find the angle that [y subtends with the plane P.
Find the distance from I to the point (2,2,1).



8. Find the distance from Iy to P.
Answer: 1. (2,1,—-1),(2,3,0).
2. (3,-2,5).
. They are skew.
(—4,1,3).
. They do not intersect.

3

4

)

6. /2 — arccos <#ﬁ) = arcsin (2—\}ﬁ> ~ 3.8°.
7. T2

8. 3/V/38.

81

2.5) Let 3z — 2y + 5z = 1 describe a plane P. Let x4+ y + 3z = 4 describe a plane Q.
1. Find a vector normal to P.

6. (

2. Find a vector normal to Q.
3. Are the planes P, @) parallel? If not, must they intersect?
4. Find the angle subtended by the two planes
Answer: 1. (3,-2,5).
2. (1,1,3).
3. Their normals are not parallel, so they are not parallel and must intersect.
4. Find the angle subtended by the two normals. It is
(3,-2,5) - (1,1,3) 16
arccos 3, =2.5)[(1,1,3)] = arccos 7@&
7.(813.1) Let u = (—2,1,4), and let P be the point (0,4,1).
1. Find a vector valued function I(¢) which traces out the line through P and parallel
to u.

2. Find the equation of the plane containing P with normal w.

3. Find the parametrization, m(t), of the line line through P and perpendicular to u.
(Hint: There are many answers. One way to do this is pick some arbitrary vector v
not parallel to u, then find a vector perpendicular to both u and v.)
Answer: 1. One answer is I(t) = (0,4,1) +t(—2,1,4) = (=2t,4 + ¢, 1+ 41).
2. Planes are of the form az+by+cz+d = 0, where (a, b, ¢) (and any scalar multiple of
it) are normal to the plane. So the answer should be of the form —2x+y+4z+d = 0.
Plug in P as (x,y, z) to find the value of d. You should get —2z + y + 4z — 8 = 0.
3. First Iwill let v = (0,0, 1) , just for simplicity. Then I compute w = uxv = (1,2,0),
which is perpendicular to both w and v. I only care that it is perpendicular to w.
If I had picked the “wrong” v, this cross product would have been 0, and I would
have known something was wrong and picked a different v. Then I do as in the first
part, getting m(t) = (0,4,1) +¢(1,2,0).
8.(§13.2) Find the limits:
1. }gr(l) R(t), where R(t) = (t +1,5,t%) .



2. lim (%, e 1)
3. %in%<%,5t +4,In(1 +t)>.

4, lim<1_t Int 5t>.

S\ T

Answer: 1. (1,5,0).

2. (1,1,0).
3. (1,4,0).
4. (,-1,5).

9. (§13.2) Given R(t), find its antiderivative [ R(t)dt.
1. R(t) = (2t —1,t* cost).

2. R(t) = <ﬁ,%,\/2t+ 1>.
Answer: 1. [R(t)dt = (t* —t,t3/3,sint) + C
2. [R(t)dt = <arctan t,Int, (2t +1)3/? /3> +C

10. (§13.2) Given vector valued functions R(t) and S(t), which describe the position of two
particles, find whether the particles collide. Find if the paths of the two particles intersect.
1. R(t) = (2t,t% cost), S(t) = (sint, —e',4t).
2. R(t) = (1+3t,2—5t,—2+1), S(t) = (5 —t,1 —4t, -3+ 2t).
3. R(t)=(1+¢,2+t,3+1), S(t)=(t—1,t%t+1).

Answer: The particles collide if there is a ¢ such that R(t) = S(¢). The paths intersect if
there are t1,ts such that R(t1) = S(t2).
1. These particles cannot collide, and their paths cannot cross because the y component
of R is nonnegative, while the y component of .S is negative.
2. Try tosolve (1 +3t,2 —5t,—2+t) = (5 — t,1 — 4t, —3 + 2t). This is three equations
with one unknown, an overdetermined systems. Solving the first equation gives
14 3t = 5 — t, which has solution ¢ = 1. This value of ¢ satisfies the other two
equations, as you can verify:

R(1) = (4,-3,~1) = S(1).

3. First try to solve (1 +¢,2+¢,3+1t) = <t — 1,2t + 1>. This is three equations with
one unknown. Solving the first equation gives 1 4+ ¢ =t — 1. This has no solution.
Thus we should look for path intersection. So we try to solve (1 +¢1,2 +t1,3 +t1) =
<t2 — 1,2, t9 + 1>. This is three equations with two unknowns, which is still overde-
termined, but may have a solution Solving the first equation gives 1 4+ t1 = to — 1,
or t; + 2 = t5. Plugging this into the second equation gives 2 +¢; = t3 = (t; + 2)2 =
t%+4t1 +4. This is the quadratic equation t%+3t1 42 = 0, with solutions t; = —1, —2.
This gives prospective solutions t1 = —1,to = 1, and t; = —2,to = 0. Check if these
satisfy the third equation 3 +¢; = t3 + 1. They both satisfy it. So we get two points
of intersection:



R(~1)=(0,1,2) = S§(1), and R(-2)=(—1,0,1) = S(0).

11. (§13.2) Find R/(t) for

1. R(t)=(t,3—2t,4+6t).

2. R(t)=(t+1,51%).

3. R(t)=(4,7,1) x (t+1,5,¢).

4. R(t) = (arctant,sint,cost).

5. R(t) = (arctan (e') ,sin (') ,cos (ef)).

6. R(t) = (cost,sint,3t).

7. R(t) = ((t+ 1)sint,5sint,t*sint).
Answer: 1. R/(t) =(1,-2,6).

2. R'(t)=(1,0,2t).

3. R'(t)=(4,7,1) x (1,0,2t) = (14t,1 — 8¢, 7).

4. R(t)= <%,cost,—sint>.

5. R/(t) = (—sint,cost,3).

6. R'(t)=sint(1,0,2t) + cost (t +1,5,1%)

12. (8§13.3) Given vector valued function R(t), find the arc length of the curve traced by
R for t between ty and tq, e.g.,

1.

7.
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R(t) = (1+3t,3,1—4t), tg =0, t1 = 3.

R(t) = (2cost,2sint),0 <t < .
R(t) = (cost,sint, 3t), to =0, t; = 4.
R(t) = (t/V2,t/V2,In(sect)), to = 0, t; = 7/3.
R(t) = (t,t/3+1/(4t)), to =1, t; = 2.
R(t) = (V2t,el,e7) ,0<t < 1.
R(t) = (t%,t,3),0< ¢t < 1.

Answer: Solveable problems of this type are few and far between. These examples pretty
much exhaust my supply of good problems. Recall that the arc length of ¢(t) for to <t <t

is

W N o=

-

t1
/ | (t)| dt
to

S sdt=15

2m.
T \/10dt = 47/10.
w/3

foﬂ/?)sectdt: In (sect + cost) . =2+V3-1=1+3.



5. We compute R'(t) = (1,t* — 1/(4t?)). Now note that

|R'(t)] = \/1 J(4t2))7 = /1 +t4 — 1/2 + 1/(16t4)

= U+ 1/2 4+ 1/(16t1) = \/ (12 4+ 1/(412))* = 2 +1/(4t?)

Thus the answer is
2
/t2 P12 dt = £3/3 — 1/(4t)‘? —8/3-1/8— (1/3—1/4) =7/3 +1/8
1

6. el —e 1.

7. The integral might be tricky. I get @ + %arcsinh 2.

13. (§13.4) Given the position of a particle, R(t), find its velocity, speed, and acceleration.
€. g ’"

R(t) = (2cost,2sint).
R(t) = <\/§t,et,e_t>.
3. R(t):<t2,t,3>.

Answer: 1. v(t) = (—2sint,2cost), s(t) =2, a(t) = (—2cost,—2sint) .
t)=(V2e,—et), s(t) =€ + et a(t) = (0,e,e7t).
3. v(t) = (2t,1,0), s(t) = V42 + 1, a(t) = (2,0,0) .
14. (§13.4) Given the acceleration of a particle and its initial position and velocity, find
the position of the particle. e.g.,:
1. a(t) = (1,¢,sint),v(0) = (0,1,0), R(0) = (0,0,0).
2. a(t) = (sint,cost),v(0) = (1,0), R(0) = (0,1) .
Answer: 1. R(t) = (3t%, 43 +t,t —sint).
2. R(t) = (2t —sint,2 — cost).

15. (§14.1) You should have some basic understanding of functions of two or more variables.
e.g.,: given f(x,y), be able to evaluate f(1,2); find the domain of f; sketch a graph of
f(x,y), or the contours (level sets) of f(x,y).

1. What is the domain of f(z,y) = ‘/_7

2. Graph the level sets of f(z,y) = Zx + 92

3. Graph the function f(z,y) = /22 + y2.

4. Graph the function and level sets of f(x,y) = 3z — 4y + 2.
Answer: 1. The points (z,y) with z > y, and y # 0.

2. These are ellipses.

3. A paraboloid.

4. The graph is the plane —3x + 4y + z = 2, the level sets are lines.
16. (§14.1) (this is a basic one) You should understand functions of two or more variables.
e.g.,: given f(x,y), be able to evaluate f(1,2), or f(m,100); find the domain of f; sketch a
graph of f(x,y), or the contours (level sets) of f(x,y).



1. What is the domain of f(z,y) = -7
2. What is the domain of f(z,y) = x;ﬂﬁﬂ
3. Graph the level sets of f(z,y) = 122 + ¢

4. Graph the function f(z,y) = /22 + y2.

Answer: 1. The points (z,y) with z > y, and y # 0.
2. The points (x,y) with z # 0, and y # 0. Sometimes written as R?\ {(0,0)}, that is
all the real plane, R?, without the single point (0,0).
3. These are ellipses.
4. A paraboloid.
17.(8§14.1) Sketch the level sets of f(z,y) for various values of k
1. f(z,y) = 2% +9°
2. flz,y) =2x—4y+7

3. f(z,y) = a2+ y?

Answer: 1. level set of value k is a circle of radius vk centered at the origin.

2. level set of value k is a line with slope 3 and y-intercept of (7 — k)/4

3. level set of value k is a circle of radius k centered at the origin.
18. (§14.2) Identify if a function f(x,y) is continuous at a given point (z,y). Identify if
the function is continuous for all points in R2.

1. f(z,y) = 2% + 4232 at (z,y) = (1,3).

2. f(x,y):{mgiZQ DY at () = (0,00

1 (z,y) = (0,0)
3 3
3. fley) = DL at (e,y) = (2.1).
Answer: 1. This function is continuous for all points in R2, so it is continuous at (1, 3).

2. The function is not continuous at (0,0), but is continuous at all other points. To

show this you should consider the limit of f(x,y) as (z,y) — (0,0); this limit is not
defined, thus f is not continuous. However, if you wanted to somehow use continuity
of f to compute the limit of f as (z,y) — (0,0), you would have a “chicken and the
egg” problem.
This illustrates the general principle: if you suspect the limit lim, ) (qp) f (z,9)
exists, it may be easiest to show the function is continuous at (a,b), then you only
need evaluate f(a,b). However, if the function is not continuous at the point, or you
think the limit does not exist, this is not the way to go. To show the limit does not
exist, it may be better to find two paths approaching (a, b) which give different limits
of f.

3. This function is continuous for all points such that x + y > 0, thus it is continuous
at (2,1).

19. (§14.2) You should be able to find the limit of a function of two variables, or recognize
that the limit does not exist. You need to know what functions are continuous, and how
this helps you evaluate a limit. e.g., evaluate:



6.

Answer:

2.

3.
4.
5
6

6
l Y
@funwﬂ

_y
(z, l)Hn(O 0) 4+x +cosy’
li z—y
(=, >1(oo>$+y’
lim
( )1 (0 0) w2+y27
lim by

544
()= (00) ZZFT

xy—i—x y
(2,y)—(0,0) *¥* T2y

1. By continuity, this is 1.
By continuity, this is 0.

Does not exist.

Does not exist.

Does not exist.

This one has some domain problems. First try x = y > 0, with £ — 0. Then try
=1y < 0 with z — 0. You should get oo, —oo respectively. Thus the limit does not
exist. This is a considerably harder problem than the rest of them.

20. (§14.3) Given a function f(x,y), find the partials fa, fy, foe, foy, fyy, etc. When do we
have fxy = fy:(:

4.

Answer:

flz,y) =3z +2y+4

f(z, )—537 +2zy — 32+ —y

fla,y) =

f(m, y) = :E2 sin zy?

Clairaut’s theorem states that if the second partials f,, and f,, exist and are

continuous, then they are equal.

1.

- W N

f:(}:?)) fy:27 f:c:czov fyy:07 f:cy:fy:c:O

fo=10z 42y +1, f, =2z — 6y — 1, fleO fyy = =6, foy = fyo = 2.

f:c:yemya fy:xemya f:c:c:y2emy7 f _x e’ fxy—fyx—yxexy"i_emy

fz = 2xsinzy® + 22y? cos xy?, fy = 223y cos xy?, frr = 2sinay® + 4day?® cos xy? —
22yt sinzy?, f,y = 223 cos vy® —daty? sinwy?, foy = fyz = 622y cos zy®—223y3 sin 2y

21. (§14.4) Given a function f(z,y), and point (xg,yo), find the equation of the tangent
plane to f at this point.

flx,y) = 22 4 2xy + 2, (20, 90) = (1,1).
f(z,y) = cos (a:y ) (xo,y0) = (m,1).
f(x,y) = e™, (20, 90) = (2,3).
f(z,y) = Va2 4+ y2 (z0,y0) = (=3,4).

. z—4=4(xz—-1)+4(y—1).
z=-1



3. z—eb=3e8(z —2) +2e5(y — 3).

4. z—=5=(=3/5)(z+3)+ (4/5)(y — 4).
22. (§14.4) Given a function f(zx,y), and point (zg,yo), find the equation of the lineariza-
tion of f, call it L(z,y) at the given point. Use the linearization to approximate f(z,y) for
some point (z,y) = (o, yo) -

1. flz,y) = (z+1)*, (zo,y0) = (1,1), approximate f(0.9,1.1).

2. f(x,y) = /2y, (z0,y0) = (2,8) , approximate f(2.1,8.1).

3. Approximate sin (7 + 0.1) cos (0.05).

Answer: The linearization has the form

L(z,y) = f(xo,40) + fo(x0,40) (x — x0) + fy(20,50) (¥ — o)

1. L(z,y) =8+ 12(z — 1) + 12(y — 1). L(0.9,1.1) = 8.

2. L(z,y) =4+ (z —2) + 1(y —8) =z + 1y. L(2.1,8.1) = 4.125.

3. We are letting f(z,y) = sin () cos (y) . We can easily find the Linearization expanded
around (m,0): L(z,y) = f(7,0) + Vf(7,0) - (z —7,y). This gives L(z,y) = 0 +
(—=1,0) - (x — m,y) = m — x. Then we have f(m+0.1,0.05) ~ L(w + 0.1,0.05) =
m— (m 4+ 0.1) = —0.1. The real answer is —0.0997...

23. (§14.5) Be prepared to use the chain rule to find derivatives and partial derivatives.

e.q.,:
L f(z,y)=(z+y)" o= Vty=1* find L.
2. f(x,y) = x>+ cos (zy),x = s+ t,y = 52, ﬁnd and
3. flx,y,2) = /2?2 +y%2+ 22,2 = scost y—ssmt Z—S2 ﬁnd and
4. f(z,y,2) = (2" +y +z) ,a::rsmscost,y:rsmssms,z:rcoss. Fmd gf;, g’;,
of
and ;.

Answer: 1. 4 (\/Z + t2 { + Qt]
2-%=Vﬂ@%%%—vf<J
0 0,
3. 8—]; :—\/521? (s+2s ),8—{:
24. (§14.6) Given a function f(z,y), or f(z,y, z), find the gradient V1.

L fz,y) =2y +y.

2. f(x,y) = cos (zy) + 2% + 1>
3. flx,y) =22+ 92

4. flzy) = (22 +y°)".

5. f(z,y,2z) =sin(z)e™.

6. f(z,y,2) = a2+ y?— 22

7. f(z,y,2) =sin(zy) + cos (y2)
8. floy) =),

Answer: 1. Vf= <2xy,1‘2 + 1>.
2. Vf=(—sin(zy)y+ 2z, —sin(zy) z + 2y).
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3.

4
S
6.
7.

Vi = e/ T2y ) = (1/)) (@),

Vf= <naﬂc (2" +y )n_l,nbyb_l (m“+yb)n_1>.

Vf = (sin () ye,sin (2) vV, cos (2) €)= f(w,y,2) (y, v, cot 2)

Vi =2/ = 2y P = 22 P = 2 ) = (1 (,9,2)) @,y

Vf = (ycos(zy),xcos(xy) — zsin (yz) , —ysin (yz))

25.(§14.6) Given a function f(x,y), and a unit vector u, find the directional derivative of
f in the direction of w, Do f(x,y). e.g.,:

1.

2.

3.
4.

flay) =2 +ay+y>u=(373).

_ Yy _ 1 1
f(m,y)—cosg—l—cosg,u— <E’ﬁ>
f(z,y) = arctan xy,u = (1,0) , at the point (z,y) = (1,1).
f(z,y) = /2% +y?,u = (cos 0,sin 0) , for some 6.

Answer: Remember that D, f(x,y) = Vf(z,y) - u. This will be one of the formulee provided
on the top of your exam sheet.

1.
2.

3.
4.

2z + 5y

%<—§Sm§—|—x—ygsin%—%sin%—l—y%sin%).

1.

Vf(z,y){cosB,sinb) = (1/f(z,y)) (z,y)-(cos0,sin ) = (z cos O + ysinb) /\/x2 + y2.

26. (§14.6) Understand the connection between Vf and the directional derivative, the
direction of maximal increase of f, and the maximal rate of instantaneous increase of f.

€.g.,

1.

For f(z,y) = /2% + y? at (3,4), what is the direction and rate of maximal increase
of f?

Let f(x,y) = sin (m2y) + 22 denote the elevation of a mountain at point (z,7). A
hiker is at (0,+/7), and wishes to identify the direction of steepest ascent up the
mountain. Which direction is that?

Captain Queeg’s submarine is in trouble off the coast of Madagascar: radioactive
lava is flowing out of a vent in the sea floor. Under a local coordinate system, the
concentration of radioactive stuff is given as

1
I+ (z =22+ (y+1)?+ (-3

f(w7y7z) =

Captain Queeg’s submarine is located at (1,1,2) under this coordinate system, and
the crew is quickly being sickened from the effects of radiation. In which direction
should the Captain steer the ship to experience the quickest (i.e. maximal) decrease
in concentration of radioactivity?

Answer: The direction of maximal increase is a unit vector in the direction of Vf. The
maximal rate of instantaneous increase is |V f|.

1.
2.

(3/5,4/5) , and the rate is 1.
Direction of steepest ascent is V f = <2wy oS (a;zy) , 22 cos (m2y) + 2y>. At the point

11
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(0,+/m) this is V£ (0, /) = (0,2y/7). Thus the direction of steepest ascent is the
unit vector in this direction, (0, 1).

3. the direction of maximal decrease in f is the unit vector in direction —V f. Thus we
find

Vi(@,y,2) == (f (2,9,2))° 2(z — 2),2(y + 1),2(z = 3))..
.. _ 1 - . _ _ o
This gives Vf (1,1,2) = ETEn I (2(—1),2(2),2(—1)) = (2/49) (—1,2,—-1).
The unit vector in the same direction is (1/v/6) (—1,2,—1).
27.(8§14.6) Understand the connection between V f and a level set of f. e.g.,:
1. Find the equation of the plane tangent to the surface 22 + y? + 22 = 16 at the point
(2,2v2,2).
2. Find the equation of the plane tangent to the surface z2 4+ y?> — z = 9 at the point
(3,2,4).
3. Find the equation of the plane tangent to the surface a?z? + b%y? + ¢?2%2 = 3r? at
the point (r/a,r/b,r/c).
Answer: View the surface as a level set f(z,y,z) = k, then find gradient V f(z¢, yo, z0). This
vector is the plane’s normal. Plug in the point to get the equation of the plane.
1. 4o +4V2y+42-32=0
2. br+4y—2—-22=0
3. 2arx + 2bry + 2crz — 612 = 0, or, more simply, ax + by 4+ cz = 3r.
28. (§14.7) Given a function f(z,y), be prepared to find all its critical points. Be able to

apply the second derivative test to see if you have a max, min, or neither. Be able to find
extremal values of f(x,y) on a closed, bounded domain D. e.g.,:

L flz,y) =a" +y* — day.

2. flzy) =1 +azy) (z+y).

3. f(z,y) =e"cosy.

4. f(z,y) = x + 3y — 4 on the triangle with corners (0, 0),(1,0),(0,1).

5. f(x,y) =222 + 3y? — 42 — 5 on the disc 22 + y? < 16.
Answer: A critical point is a point where V f either does not exist or is equal to 0. In the
latter case we can use the second derivative test, if the second derivatives exist and are
continuous, then we can evaluate D = f,,fyy — fgy. If this quantity is positive, then we
have a max or min. If it is negative, we have a saddle point. If the quantity is positive, we
go on to check the sign of f,.. If it is positive, we have a min, otherwise a max.

1. Local minima at (—1,—1) and (1,1). Saddle point at (0,0).

2. flz,y) = 2+ y + 2%y + xy?, so Vf = <1 + 22y + 92, 1+ 2zy + x2> . The critical

points occur where V f = 0. This gives two equations in two unknowns:

1+2zy+3y>=0 and 14 2zy+2%=0.

Set both right hand sides equal to each other: 1 + 2zy 4+ y? = 1 + 22y + 22, and
subtract to get y2 = 22, which is to say y = +z. Plug this back into the original
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equation:
14 2z(£x) +22 =0

This gives two quadratic equations in x depending on whether y = +z or y = —=.
That is, we get

14322=0 and 1-2°=0

The former equation has only imaginary roots, so this leaves the latter, which has
roots = +1. This gives us critical points (1,—1) and (—1,1).
The discriminant is D = 4zy — (2 + 2y)2 = 4oy — 42® — 8xy — 4y>. This is negative
for both critical points, thus they are saddle points both.

3. This has no critical points. Thus no extrema on the unbounded set R2.

4. This has no critical points. Min of —4 at (0,0), and max of —1 at (0, 1).

5. I did this one in class.

29. (§14.8) Given a function f(z,y), find the extremal values of f subject to the constraint
g(x,y) = k by the method of Lagrange Multipliers.

1. f(z,y) =2+ 2y +y, subject to x2 + y> = 9.

2. flx,y) = wiy, subject to x +y = 4.

3. f(z,y,2) = 8z — 4z, subject to 2% + 10y? + 22 = 5.
4. f(x,y,z) = zyz, subject to 2zz + 2yz + zy = 12.

Answer: Lagrange’s method: Find x,y, A such that Vf(x,y) = Ag(x,y) and g(z,y) = k.
After finding all such (z,y), tabulate your results and compare the values of f.

1. At <—%, —%), takes min value % — %. At (%, %), takes max value % + %.

2. This is a poor Lagrange question, but we expect a local min of % at (2,2).
3. At (—2,1) takes min value —20. At (2, —1) takes max value 20
4. 1 did something like this in class.
30. (§15.1) Given a function f(z,y) and a rectangle R = [a,b] X [c,d], define the integral

//f(:v,y)dA
R

Answer: The integral is the limit of the Riemann sums

m n
i=1 j=

where Az = (b—a)/m, and Ay = (d — ¢)/n, and

at+(i-1)Az =z, <x; <z =a+iAz and c+(j—1)Ay =y;-1 <y ; <y = c+jAy.

31.(§15.1) Estimate the integral [[ f(z,y)dA by a Riemann Sum.
R
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1. Do this for f(z,y) = 2? — xy? for R = [1,2] x [1,4] with m = 2,n = 3. Take
T i y; ;) to be the lower left corner of each rectangle.
2. Do this for f(z,y) = 22 — 2zy + 32 for R = [~1,1] x [-1,1] with m = 2,n = 2. Take
(x;j, y; j> to be the midpoint of each rectangle.
Answer: 1. With Az = (2-1)/2 =1/2, Ay = (4 —1)/3 = 1, we have g = 1,27 =
3/2,x9 =2, and yo = 1,y1 = 2,y2 = 3,y3 = 4. Then our Riemann Sum is
2 3
> f (i) (1/2)(1)

1j5=1

7

= % [F(1L,1) + f(1,2) + f(1,3) + f(3/2,1) + f(3/2,2) + f(3/2,3)]
= S0 1)+ (L 4) + (1 9) + (9/4 — 3/2) + (9/4 — 6) + (9/4 — 27/2)
:%[0—3—8—1-27/4—6—30/2] = %[—11—1—6—1—3/4—6—15] = —101/8
2. The answer is 2.
32. (misc.) 1. On your first day working in the cardboard box factory, you are given

the problem of minimizing the cost of your company’s next generation product: the
cardboard box. This cardboard box of the future consists of a bottom, four sides
and a top, all of which are rectangular. The bottom is made of a special cardboard,
called KardBord MIII™ which costs 5 cents per square inch. The sides and the top
are made out of second generation recycled cardboard, called ReSyKleBoRd 2™,
which costs 3 cents per square inch. The total volume of the box is to be 972 cubic
inches. Due to restrictions beyond your control (i.e., dictated by UPS and FedEx),
the width of the box may not exceed 7 inches. Find the minimal cost size box. Your
next assignment: find a better job than working in a cardboard factory.

2. Let a, b, c be positive integers. Find positive real numbers z,y, z such that x+y+2z =
117 and such that z%y°z¢ is maximized.

3. You are the new chief operating officer at www.ohmcalc.com, the newest way to cal-
culate resistance over the internet. Registered (i.e., paying) users have the capability
of entering, via the web, the resistance of two resistors; your site computes the total
resistance of these resistors when placed in parallel, using the following formula:

1 1

R Ri ' Ry
The measured resistance of resistors, alas, comes with some error, thus you need to
estimate the error in your calcluated total resistance. Estimate the error in your

calculation when R; = 50082 £ 25Q, and R = 300092 £ 100£2. (If this doesn’t work
out for you, perhaps you might consider a career in cardboard box manufacturing...)

Answer: 1. Let z,y be the width and the length, and let 972/xy be the height. We wish
to minimize

1 1
f(z,y) = bxy + 3[2(x972/xy) + 2(y972/xy) + xy] = 8xy + 5832 [; + E]
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We also have the restrictions x € (0,7], and y € (0, c0)
We find the gradient

Vf(z,y) = (8y — 5832/z7, 8z — 5832/y?)
and set equal to 0. This gives two equations, which we set equal to each other:

8y — 5832/x? = 0 = 8z — 5832/y%, so
8z%y® — 5832y2 = 82%y% — 583222, or
0 = 8z2y*(x — y) — 5832(2? — o)
0 = 82%y*(z — y) — 5832(z + y)(z — y) = (z — y) [82%y* — 5832(z + )]

This gives two possibilities: 2 —y = 0 or 2%y? = 729(z + y). The latter condition
cannot be satisfied, as we have

0 =8y — 5832/z%, so
y =729/,
v = 729y,

Subtracting this from x2y? = 7292 +729y gives 7292 = 0, or = 0. Similar argument
starting from 0 = 8x — 5832/y? gives y = 0, and so the latter condition implies z = y
anyway.

Thus we can plug in x = y into the equation

0 = 8y — 5832/x? = 8x — 5832/x2,

which is to say 2 = 729, or = 9. This gives y = 9 immediately as well. This is a
local (and global!) min, by checking the second derivative test. It is also a bummer
because the requirement that x < 7. Thus we have to check the boundaries of our
region.

Our region is R = (0,7] x (0,00), which is neither closed nor bounded. We didn’t
really look at this in class so much, but we can consider it here. Since there is no
critical point in R, we only have to check its boundaries. It should be clear that as
x or y goes to 0 that f(z,y) — oco. Similarly as y — oo, f explodes. Since we are
minimizing cost we do not need to consider these. Thus we look at the boundary
x = 7. This gives g(y) = f(7,y) = 56y+5832(1/7+1/y), which we have to minimize.
Use your 20A knowledge: ¢'(y) = 56 — 5832/y2. Set this to zero to get the quadratic
equation 0 = 7 — 729/y2, or 7Ty?> = 729, which has solution y = /729/7. By the
second derivative test, this is a local min, so we have (7, 729/ 7> as the local min.

This question was a little harder than we did in class, mostly because of the hand-
wavey parts where the boundary is not closed and bounded. If you like, you could
try the question where I explicitly mention in the problem formulation that we must
take (z,y) € [1,7] x [1,1000] . Then you could do this exactly how we did it in class,
but with more work than we did here because you would have to consider all four
boundary edges separately, instead of throwing three of them away as we did here
with the argument that f — oo.
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2. Let 2 =117 — 2 —y and let f(x,y) = 2%°(117 — 2 — y)°. Find the critical points:

V f = (work omitted) - - -
— g;a—lyb—1(117 —x— y)C—l (ay(117 — x — y) — cay, bx (117 — x — y) — cxy)

Setting this to 0, and assuming x,y, 117 — x — y are not zero, gives two equations:
ay(117 —z —y) = cxy, and bx(117 —z —y) = cxy

By setting these two equal to each other and cancelling, we get ay = bz, or y =
(b/a)x. We also get, from the first equation, cancelling y, cx = a(117 — 2z — y) =
117a — ax — bz, and thus z = 117a/(a +b+c), and y = 117b/(a + b+ ¢), which gives
z2=117T—xz —y=117¢/(a + b+ ¢).

Alternatively you can use the method of Lagrange Multipliers. Letting g(x,y,2) =
T 4y + z, you must maximize f(z,y,z) = x%P2° subject to g(x,y,z) = 117. This
gives four equations:

Vf(xvya Z) = )\Vg(.%',y, Z)

g(z,y,2) =117
(The first line above is three equations, one in each of x, y, 2 components.) This gives
us
axa—lybzc =\
by’ 120 = A

cxtybzmt =\

r+y+z=117
We can assume z,y, z are nonzero as if one of z,y, z are zero we have f(z,y,z) =0,

which does not maximize f. Now set the above equations for A\ equal to each other
and do some solving:

az®lybat = A = batyb— 120
az® P 2C = batyb—1 20
ay = br
y=(b/a)x

Similarly z = (¢/a)z. Plug this into the last equation to get

a+b+e
—

NT=z+y+z=2+ (b/a)r + (c/a)r =
a

This solves for x, which then solves for y, z.

3. Use differentials. First rewrite

1 1\ '  RR,
Roa =\ 5 - = —
total <R1+R2> Ry + Ry
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Now get the differential
Ry \? R\’
dRyotal = (———3——> dR1+-<——q}——> dRy
1

Now approximate

Ry \? R \°
ARtotal ~ thotal ~ <72> ARI + <71> AR2

R+ Ry Ri+ Ry
3000 2 500 \ 2
_ (22 5 22 )1
<3500> o <3500> 00
1000
-0
49

33.(§15.2) Given a function f(x,y) and a rectangle R, evaluate

J/ f(z,y)dA
R
1. f(z,y)=2+y,R=10,1] x [2,3].
2. f(z,y) =xsiny, R=1[0,1] x [0,7].
3. f(z,y)=w/y,R=[0,1] x [1,2].
4. f(x,y) =cos(z+2y),R=[0,7] x [0,7/2].
Answer: 1. f01f233: + vy dydx = 3.

2. folfoﬂa;sin y dydz = 1.
3. f01f12a:/y dydz = $1n2.
4. fF 7T/2(308 (x +2y) dydx = —2.
34. (§15.3) Given a function f(x,y) and a general region in the plane, D, evaluate

J/ f(z,y)dA
D

1. f(xz,y) =2 —y, D is the triangle with corners (0,0), (0,5), (3,2).

2. flz,y) = 2+ y,D = {(z,y) ! 2?4+ y* <4} . (actually this is easy by symmetry
considerations.) (and is better done with polar coordinates anyway.)

3. f(z,y) = V1 — 22, D is the triangle with corners (0,0), (1,0), (1,1).

4. f(z,y) = (37 — )2 , D is the region between the curves y = 22 and y = «.
Answer: 1. fo 2 “r—y dydz = —10.

2. fo (rcos(f) + rsin(f)) rdfdr = 0.

3. fofo V1—22 dydm:folznmdl":%.

4. folf;z (x—y)? dydz = fol V1 —a?de = 257
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35.(§15.4) Given a function f(x,y) and a general region in the plane, D, interpret the
integral

é f(z,y)dA

as a polar integral and solve. Note: you should be able to recognize when it is appropriate
or beneficial to evaluate a double integral in polar coordinates. e.g.,:
L fz,y) =" D ={(z,y)| 2> +y? < 9}.

2. flx,y)=2,D={(x,9)|e*+¢y* <1, y>ux}.
3. flxyy)=ax+y,D={(z,y)|y>0,4<a®+y*<9}.
4. f(z,y)= Va2 4+ 2, D={(r0)|0<0<7/4,0<r <cos20}.

Answer: 1. fo f27r el rdfdr =7 (69 — 1).

2. oo 2rdodr =

3. f2 Jo (cosf + sin6) rd@dr— 2
n fn/4 cos20, 40 d0 — g-
36. (§15.5) Given a density function p(z,y) for a lamina in the plane, D, find the center
of mass of the lamina. e.g.,:
L plz,y)=z+y+2,D={(z,y)|2*+y><1}.
2. p(x,y)=2,D={(z,y)|0<z<1,0<y<a?}.
L D = {(z,y) | 0<z,1<az’+y*><4}. (Hint: try converting to

3. p(%?/) = \/W’

polar integrals?)

Answer: 1. First we find the mass: [, p(z,y)dA =2r. Thenz = L [[zp(z,y)dA =
L. Similarly § = L [, yp(z,y) dA = §. So the center of mass is (3, 3).
2. First we find the mass: [[, p(z,y)dA = 2. Then z = %ffg zp(z,y)dA = 2
Similarly § = L [, yp(z,y) dA = 1%. So the center of mass is (2, 1%)
3. First we find the mass: [, p(z,y) dA = f12ff7/52 lrdodr=m.z=2 [[,zp(z,y)dA =

%_ Similarly § = % ffD yp(z,y)dA = 0. So the center of mass is (%,0).

37.(8§15.7) Given a function f(z,y, z), and some general region B in three space, evaluate

/B/ f(z,y,z)dV

1. f(z,y,2)=1+2zy, B={(2,y,2)|0<2<1, 0<y<2 1<z<2}.
2. f(z,y,2) = yzcos (2°), B = {(z,9,2)|0<2 <1, 0<y <z z<z<2z}. (This
is §15.7 #8)
3. f(z,y,2) =2z, B={(2,9,2)|0<2<1,0<y<z, 0<z<6-—z—y}.
Answer: 1. f01f02f121+wy dzdydx = f01f021+xy dydx = f012+2ac dz = 3.
2. fo fof yzcosz® dzdydx = fo fo 5T 2ycosz® dydx = f01%$4cos:n5 dz = %Sinl.
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1 z6—z—y 1 z
// / xzdzdyda:://;(6—x—y)2 dydz
00 0 00
11 89
2 3 4
:/6(361‘3—181' —|—7:U)da::@
0

38.(§12.7) Convert the following points, given in cylindrical coordinates, to cartesian co-
ordinates, and to spherical coordinates:

P=(r/31)  Q=2m0 R=(Lx/6-V3)

Answer:

P= (1/2,\/5/2, 1) Q=(-2,00 R= (x/§/2,1/2,—\/§)

39. (§12.7) Convert the following points, given in spherical coordinates, to cartesian coor-
dinates, and to cylindrical coordinates:

P=[(p,0,¢0)=(1,7/2,7/3)]  Q=][(p.0,0)=(2,37/2,7/2)]
Answer:

P (0, V3/2, 1/2) Q = (0,-2,0)

40. (§15.8) Rewrite the triple integral

///f(x,y,z) dzdydz
R

in cylindrical coordinates. (Note: the resulting integrals might be very difficult or impos-
sible.)
1. f(z,y,2) = 322 +3y*+72, and R is the region with z < 5, 22 +y? < 4, 22 4+y>+2%2 > 4.
2. f(x,y,2) = 1, and R is the region with z > /22 + 2,22 + ¢ + 22 < 32. (Note:
since you are integrating 1, the integral gives the volume of R.)
3. flz,y,2) = zem2+y2, R is the region with >0,y >0, 2> 0,2 <9 — 22 — 3%

Answer: 1. f027rf02f45—r2 (3r* +7z) rdzdrdf
2. 2V 1 dzdr df

3. foﬂ/2f03 09_7«2 ze"'rdzdrdf
41. (§15.8) Rewrite the triple integral

///f(x,y,z) dzrdydz
R

in spherical coordinates. (Again the resulting integrals might be difficult.)
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1. f(x,y,2) =13 (:172 +y% + z2)3/2, and R is the region 22 4+ y2 + 22 < 9.
2. f(z,y,2) =5 (:172 —|—y2) ,and R is the region z > 0,y > 0,2 > 0,4 < 224y% 422 < 16.

Answer: 1. f027rf07rf03 13 (p2)3/2 p?sinpdpdedd

2. foﬂ/z OW/Qf;‘ 5p% sin?(¢p)p? sin ¢ dp dep df
42. (misc) On the exam you may not be told what technique is appropriate for a given
problem: you must decide this for yourself. In this category are the following miscellaneous
problems:

1. Find the volume of the tetrahedron with corners (0, 0,0), (2,0,0), (0,1,0), (0,0, 3).
2. Find numbers a, b, ¢ with a + b + ¢ = 100, such that a?bc is a maximum.
3. Let p(z,y, z) = 2%y + 2%z represent the density of plankton in the ocean. A whale is

located at the point (1,2,0). In which direction should the whale move to maximize
the increase in plankton concentration?

4. Maximize f(x,y) = 223 + 3> subject to 22 4+ y? = 4.

N | 2 (1=% 6-32—6y
Answer: 1. Thisis [5 [y 2 Jo Ldzdyde = [ [, > —5—4 dyde =
23 _3 322
2. Maximize the function f(a,b) = a?b(100 — a —b). Find that it has a maximum at
a = 50,b =25. Then ¢ = 25.
3. The gradient is the direction of maximal increase. In this case we have Vp(z,y, z) =
<2xy + 22, 22, 2zac> . At the point (1,2,0) this takes value (4,1,0). To denote a di-

. oy . 1
rection, we unitize this vector to get Wit (4,1,0).

4. While this region is simple enough for us to tackle this problem with a different
method, in general we will have to use the method of Lagrange Multipliers. We first
let g(x,y) = 22 + y?. We then look for x,y, A such that Vf(z,y) = A\Vg(z,y), and
g(z,y) = 4. When we write the gradient equation as two equations, this gives three
equations:

fl‘(x7y) = )\gx(w,y)
fy(x7y) = )‘gy(x7y)
g(z,y) =4

In this particular case we have

622 = 2z
3y? =2y
2?4+ 9? = 4.

Sadly there is no general method for attacking the equations that Lagrange’s Method
gives us. What works in this case may not work in others. Consider the first equation,
which we can write as 3z2 = Az. This has solutions x = 0 and 3z = .

If we consider the case z = 0, and plug into the third equation, 22 + y? = 4, we get
y? = 4, so y = £2. This gives points (0, —2) and (0, 2).
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For the moment ignore the other case for the first equation and consider the second
equation, which, similarly, has solutions y = 0 and y = 2\/3. If y = 0, then, as
above, x = +2, so we have points (—2,0) and (2,0).

Now return to the two ignored cases, assuming z # 0 and y # 0, thus 3z = A and
y = 2)\/3. Together these give y = 2z. Now plug this into the third equation to get

4=a2"+y* =27+ (22)% = ba?,

sox = +/4/5, and y = 2z. This gives points (—,/4/5,—2\/4/5> and.(,/4/5,2,/4/5).

Now compute the table.

(z,y) | f(z,y)
0, -2) ~8
(0,2) 8
(—2,0) 16
(2,0) 16

(= V75, ~2\/45) | ~8\/4/5
(VA75.2475) | 8175

The maximal value is 16, and the minimal value is —16.
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