2005W M20E Exam 1 Preparation

The rst midterm examis Monday January 31, during the classperiod. You must bring a
blue book to the exam. Blue books are available from the bookstore. You also needto bring
your studert ID card or other form of ID (driver's license, passport, etc.)

The following formula will be provided on your exam:
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r abbreviates i—+ | —=+ k—=
& J

@ @

You should be preparedto answer at least the following questions:
1.(x1.1{1.3) What's the di erence betweena scalarand a vector?

2.(x1.1{1.3) Letu=hL;2, 3i;v=h 2,4;1i;w=h 30;1i.

1. Find 5u.

2. Find u u.

3. Find kuk.

4. Find a unit length vector in the samedirection asu.
5. Find k uk, where is a real number.

6. Find u v.

7. Find the angle subtendedby u and v.

8. Findv w.

9. Find a vector perpendicular to both v and w.

10. Find a unit length vector perpendicular to both v and w.
11. Findu v.

12. Findw (u v).

13. Find u u.

3.(x1.1{1.3) Letu = h 2;1;4i; and let P be the point (0; 4; 1).
1. Find a path I(t) which traces out the line through P and parallel to u.
2. Find the equation of the plane containing P with normal u.

3. Find a path m (t) which tracesout a line through P and perpendicular to u. (Hint:
There are many answers. One way to do this is pick somearbitrary vector v not
parallel to u, then nd a vector perpendicular to both u and v.)

4. (x1.4) Convert the following points, given in cylindrical coordinates, to cartesian coor-
dinates, and to spherical coordinates:

P=(1 =31) Q=1(2; ;0) R= 1 =6

5. (x1.4) Convert the following points, given in spherical coordinates, to cartesian coordi-
nates, and to cylindrical coordinates:

P=1I(; ;)= = R)] Q=1 ;)=(23 =2 =2)]



6. (x2.1) De ne alevel setfor afunction f : R"! R
7. (x2.1) Describe the level setsof the following functions. Where appropriate, graph a few
of the level sets.
1. f(xy) = x2+ y2
glxy) = 2x +y.
h(x;y) = xy.
I(X;y;2) = x y+ 2z
m(x;y;z) = x2+ y2.
n(x;y;z) = x*+ y*+ 2%
7. p(xy;2) = x2+y?  z
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8. (x2.1) Sketch the graphs of the following functions:
1. f(xy) = x2+ y2
2. g(x;y) = 2x+y.
9.(x2.3) Find r f for
1. f(xy) = x>+ y2.
2. f(xy;2) = X2+ y2+ 72,
3. f(xy) = ey,
4. f(x;y;z) = e*Ycosz + y2.
10. (x2.3) Find the equation of the tangen plane to the graph of f at the point P for
1. f(xy)= x2+y2 P = (3;4;25).
2. f(xy)=e%Y, P= 2,16 .
11. (x2.3) In your own words, what doesit mean for a function f : R" ! R to be \di er-
ertiable" at a point xo? If f is di erentiable at xq, doesf have to be smooth at this point?
Is there a unique tangert plane at this point?
12. (x2.3) Remenber the theorem: if all the partial derivativesof f : R" ! R exist and
are corntinuous at Xg, then f is di erentiable at xg.
13. (x2.4) What kind of curve doesc(t) trace out for
1. c(t)= hi+ 2t; 3,4 ti
2. c(t) = hcos2t; sin2ti.
3. c(t) = hcost; sint; 3ti.
14. (x2.4) Giventhe path c(t); nd its velocity function cqt); and its speedfunction kcqt)k
1. c(t)=h1+ 3t 3;1 A4ti
c(t) = hcost; sint; 3ti.
c(t) = t%t3:t .
c(t) = tt3+ 1=(4t) .
5. c(t) = t=p ?;t=p 2;In(secx) .
15. (x2.4) Giventhe path c(t); and atime tg; nd the tangernt vector to c(tp) for
1. c(t)=hl+ 3t 3;1 4ti;tg= 1.
2. c(t)= t% 31+1t3 ;tg= 2.
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16. (x2.5) Given the path c(t) in R" and a real valued function f (x) on n variables, nd

U )
1. c(t)=hL+ 3t 3,1 4ti;f(xy;z)=xy yz

2. c(t) = heost; sint; ti ;: f (x;y;2) = X2+ y2 z
3. c(t)= tt3td f(xy;2) = xyz+ ev.
17. (x2.6) Given the real valued function f (x): R" ! R, and the vector v, nd the direc-
tional derivative of f alongv at a given point, for
f(x;y) = x°+ y?, v = h1; 3i ; at the point (3;4).
f(x;y;z) = x2+y2+ 22, v=h 1,053i, at the point (1;0; 1).
f(x;y)= e*Y, v= " 2=2" 2=2 , at the point (1; 1).
f(x;y;z) = e€*Ycosz+ y?, v = 1:p 3 1:p 3 1:p 3, at the point (2;1; =2).
5. f(x;y;z) = x+ylnz,v="Hh=3;1, 1 atthe point (1;2;0).
18. (x2.6) Given the real valued function f(x): R" ! R, and a point in R", nd the
direction (i.e., unit vector) of maximal increaseof f at that point for
1. f(x;y) = x%+ y?, at the point (3;4).
2. f(x;y) = xy + 1=(xy), at the point (1;2).
3. f(x;y;z) = xyz, at the point (1,;0; 2).
4. T(x;y;2) = 2x+ 3y 4z, at the point (1; 1;5).
5. f(x;y;2) = x2+ y? z, at the point (0; 1; 1).
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19. (x3.2) Find the linear Taylor formula (i.e., linearization) of f (x;y) = x? + y? at the
point (1;2).
20. (x3.2) Find the quadratic Taylor formula of f (x;y) = x? + y? at the point (1;2).
21. (x4.2) Given path c(t); nd the arc length of the path for t betweenty and t4, for

1. c(t)=hl+ 3t 3;1 4ti,tg=0;ty = 3.

2. c(t) = hcost; sint; 3ti, to= 0;t1 = 4 .

3. c(t)= t= 2t= 2In(secx) ,to= 0;t; = =3.

4. c(t) = t;t3=3+ 1=(4t) ,to= 1;t1 = 2.
22. (x4.4) Match four of the following vector elds to their graphical represemnation in
Figure 1. (Two of the following elds are not plotted.)

1. F(x;y) = hy;xi.

2. F(xy)= x%y2.
3. F(x;y) = h25i.

4. F(x;y) = hy; xi.
5. F(xy) = hex; 2yi.

6. F(x;y)=h y;xi.
23. (x4.4) Draw some ow lines for the vector elds in Figure 1.
24. (x4.4) Which of the vector elds plotted in Figure 1 might be gradiert elds, that is

of the form r  for somescalar eld ? For thosethat are, try to draw somelevel setsfor
the function  over the vector eld.



F for

F,andcurl F =r

25. (x4.4) Giventhe vector eld F(x;y;z); nd divF =r

3.

y; 22

1. F(x;y;2) = xy+ z;x?

2. F(X;y;2z) = hyz;xz;xyi.
3. F(xy;2) = 2x; 2y; 1.

x; Oi.
r ; where (x;y;z) = 2xy?

F=r

hy;

4. F(Xv;2)

zev.

G;whereG(x;y;z) = Xy + z;x?

F =

3.

y; z?
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Figure 1: Four vector elds. Circles represen the tips of the vectors (proper arrowheads

were not available).



