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Quality Delaunay Refinement

• Meshing a Piecewise Linear Complex (PLC) in R
3.
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3D Delaunay Refinement

• Maintain set of points, segments, facets, (P, S,F).

• F defined by P (and PLC).

• S defined by P (and PLC).

• Initialize P as input points.
Add points to P to:

• Make segments of S appear in D(P).

• Make facets of F appear in D(P).

• Ensure quality of tets in D(P).

• Return Delaunay Tetrahedralization of P.
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3D Delaunay Refinement (II)

1. Split encroached segment.

A

B

2. Split encroached facet.

3. Add circumcenter of poor-quality Delaunay tet.
(Radius / shortest-edge > B)
Unless it encroaches a facet or segment.
Attempt the split instead.
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3D Delaunay Refinement (II)
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Delaunay Refinement Algorithm

If algorithm terminates:

• No encroached segments in S.

• No encroached facets in F.

• No Delaunay tet with circumradius/edge > B.

Classical Termination Proof:

• Define lfs (x) as “radius of smallest closed ball with
center x intersecting 2 disjoint features of the input.”

• When q to be added to P, show

0 < lfsmin ≤ Gi |q − P|

(“Weakly Graded” mesh)
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An Incomplete History of 3D
Delaunay Refinement

• Shewchuk (1997): Ruppert’s Algorithm in 3D.
Input angle θ∗ > π/2, output radius-edge ratio B > 2.
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Algorithm Failures

• Infinite cascade of point additions.

• Caused by small angles in the input.
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3D Corner Lopping

• Divide into “free” area, and “collar” or “buffer.”

• Make adjacent faces disjoint.

• Cut faces “adaptively.”

• Determine face cuts by a ball covering of edges.

    corn2   

   corn1  
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A New Approach

• Maintain arcs: (P, S,A,F).

• Arcs meet at obtuse angles.

• “Disjoint” arcs do not overlap.

• Lengths of arcs bounded by lfs.
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A New Approach

• Maintain arcs: (P, S,A,F).

• Arcs meet at obtuse angles.

• “Disjoint” arcs do not overlap.

• Lengths of arcs bounded by lfs.

• Arcs constructed by local searches.
(Computation of lfs not required.)
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2. If collar is encroached, split segments, rebuild

collar.
3. If a facet is encroached, split it.

Unless circumcenter encroaches an arc or
segment.
• arc: split the arc.
• segment: split segment, rebuild collar.

4. Split bad Delaunay Tet. (Use any B > 2)
Unless encroaches arc, facet, or collar.
• arc, facet: split the arc or facet.
• collar: leave the tet, make no split.

• Bad tets may remain near the collar.
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Future Work

• Implementing the algorithm.
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• Implementing the algorithm.

• Find optimal control parameters.

• Get quality bound on bad tets. (Analogous to 2D)

• Make collar “adaptive” to small dihedrals.
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Future Work

• Implementing the algorithm.

• Find optimal control parameters.

• Get quality bound on bad tets. (Analogous to 2D)

• Make collar “adaptive” to small dihedrals.

• Eliminate protecting arcs? (Make collar “implicit.”)
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